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SECTION A – (10 X 1= 10)
ANSWER ANY TEN QUESTIONS
1. [bookmark: _Hlk184575087]Define Disjunctive sum
Disjunctive sum. The disjunctive sum of two fuzzy subsets is defined in terms of unions and intersections
2. [bookmark: _Hlk184575840]How many types of  indexes of fuzziness are there?
3. Define fuzziness
the quadratic index of fuzziness, defined with respect to the relative euclidean distance
4. Define Berge graphs)
[bookmark: _Hlk184576953]A graph in the sense of Berge is one such that 𝐸1 = 𝐸2 = 𝐸  countable and is formed by the subset of ordered pairs (𝑥, 𝑦) ∈ 𝐺 ⊂ 𝐸 × 𝐸,
5. [bookmark: _Hlk184577412]List the Union of two relations
	The	Union	of two	relations	𝑅 and ϱ,	denoted	by	𝑅 ∪ ϱ	or	
𝑅 + ϱ , is a relation such that


[bookmark: _Hlk184578396]A symmetric fuzzy binary  relation  is defined by
∀ (𝑥, 𝑦) ∈ 𝐸 × 𝐸: ( 𝜇𝑅 (𝑥, 𝑦) = 𝜇) ⇒ ( 𝜇𝑅 (𝑦, 𝑥) = 𝜇).
𝜇𝑅 ∪𝛠(𝑥, 𝑦) = 𝜇𝑅(𝑥, 𝑦) ∨ 𝜇𝛠(𝑥, 𝑦)













~ A mapping from E1 x E2 into E3

6. Define the Perfect order relations. If one takes the notion of perfect anti -symmetry[according in place of the notion defined one will then have a perfect order relation.
7. [bookmark: _Hlk184592852]What is membership set ?Let E be a set, denumerable or not, and let x be an element of E. Then a fuzzy subset 𝐴 of E is a set of ordered pairs~

{(𝑥, 𝜇𝐴(𝑥))} ∀ 𝑥 ∈ 𝐸. where 𝜇𝐴(𝑥) is a membership characteristic function that takes its values in a totally ordered set M, and which indicates the degree or level or membership. M will be called a membership set.

8. Define fuzzy order relation.
Reflexive, transitive and antisymmetric is a fuzzy order relation

9. Define the GROUPOID 
An ordered pair formed by a set E and an internal law of composition * defined on this set is called a groupoid. This is denoted by (E,*).
10. [bookmark: _Hlk184587153]What is fuzzy monoid?
Any fuzzy groupoid that is associative and has an identity will be called fuzzy monoid.

11. Index of fuzziness. One may consider, among others, two indexes of fuzziness: the linear index of fuzziness, defined with respect to the generalized relative Hamming distance

12. State the properties of the Groupoid



12.
PROPERTIES OF GROUPOID
(i)	Associativity : (⏟𝐴 ∗ 𝐵⏟) ∗ 𝐶⏟ = ⏟𝐴 ∗ (𝐵⏟ ∗ 𝐶⏟)
(ii)	Commutativity : ⏟𝐴 ∗ 𝐵⏟ = 𝐵⏟ ∗ ⏟𝐴



SECTION  B – (5 X 5 = 25)
ANSWER ANY FIVE QUESTIONS

[bookmark: _Hlk184575122]13. State and prove the decomposition theorem
Decomposition theorem. Any fuzzy subset



clearly as products of ordinary subsets by the coefficients 
[bookmark: _Hlk184548902] =MAX (𝛼1𝐴𝑎1 , 𝛼2𝐴𝑎2 , … , 𝛼𝑛𝐴𝑎𝑛),  0 < a1< 1 , i = 1 , 2 , … , n.

The proof is immediate:~


	𝜇𝐴𝑎 (x)  = 1 if 𝜇𝐴 (x) >ai.
𝑖	~

= 0 if 𝜇𝐴 (x) <ai.
~

Thus, the membership function of A may be written

	μ(x) = 𝑀𝐴𝑋 [𝛼 𝐴  ]
𝑎𝑖	𝑖  𝑎𝑖

= 𝑎 <𝜇 𝑀𝐴𝑋 [𝛼𝑖]
𝑖	𝐴 (x)
~

= 𝜇𝐴 (x)
~

14. [bookmark: _Hlk184578633]State all the Properties of fuzzy binary relations
properties of fuzzy binary relations in 𝐸 × 𝐸
Symmetry :
A symmetric fuzzy binary relation is defined by
∀ (𝑥, 𝑦) ∈ 𝐸 × 𝐸: ( 𝜇𝑅 (𝑥, 𝑦) = 𝜇) ⇒ ( 𝜇𝑅 (𝑦, 𝑥) = 𝜇).
Reflexivity : This property is defined by
∀ (𝑥, 𝑥) ∈ 𝐸 × 𝐸: 𝜇𝑅 (𝑥, 𝑥) = 1.
~
Transitivity :
Let 𝑥, 𝑦, 𝑧 ∈ 𝐸; then ∀ (𝑥, 𝑦), (𝑦, 𝑧), (𝑥, 𝑧) ∈ 𝐸 × 𝐸:
𝜇𝑅 (𝑥, 𝑧) ≥ 𝑀𝐴𝑋 {𝑀𝐼𝑁 (𝜇𝑅 (𝑥, 𝑦), 𝜇𝑅 (𝑦, 𝑧))}.
~	𝑦	~	~
This relation defines the property of transitivity of a fuzzy relation. Such a relation may also be written using the notation
𝜇𝑅 (𝑥, 𝑧) ≥ ⋁ {(𝜇𝑅 (𝑥, 𝑦)⋀ 𝜇𝑅 (𝑦, 𝑧))}
~	𝑦	~	~
where, we recall, ⋁ is a symbol signifying “maximum of” and ⋀ is a symbol signifying “minimum 

[bookmark: _Hlk184582525]15. Describe all fuzzy order relation with examples.
A binary relation that is

(1) reflexive [according to (16.7)]
(2) transitive [according to (16,8) or (16.9)]
(3) antisymmetric [according to (22,1)]

[bookmark: _Hlk184582490]is a fuzzy order relation (we shall also say simply order relation if no confusion in possible).
[bookmark: _Hlk184585852]16.       Theorem I. If (𝜚, ℛ, … ) contains only fuzzy variables and the operators v, ∧, and, − , then 0 < 𝑓< 1is always satisfied.
~
Proof. This is evident. Each of the operation ∧, v, − on the variables 𝜚, ℛ, … ∈ [0,1] cannot produce a result outside the limits 0 and 1. Submitting such a result to the operations ∧, v, − with other results of the same nature cannot produce a result outside these limits             
[bookmark: _Hlk184587264]17.    If (∆,∘) and (∆′,∘) are submonoids of (⏟𝑃 (𝐸),∘) then (∆ ∩ ∆′,∘) is a submonoid of

(⏟𝑃 (𝐸),∘).
Proof :
That intersection preserves associativity and the identity is evident. We show then that ∆ ∩ ∆′ remains closed for ∘.
Let ⏟𝐴 , 𝐵⏟ ∈ ∆ ∩ ∆′. Then ⏟𝐴 ∘ 𝐵⏟ belongs to ∆ by hypothesis.
It also belongs to ∆′ by hypothesis. Then ⏟𝐴 ∘ 𝐵⏟ belongs ∆ ∩ ∆′ and ∆ ∩ ∆′ is closed with respect to ∘.
       
18. Find the hamming distance between A and B
	0,7
	0,2
	0
	0,6
	0,5
	1
	0


A =

	0,2
	0
	0
	0,6
	0,8
	0,4
	1


		B =
hamming distance between A and B
		
d(A,B) = 0,37


19. State the law of external composition.
A mapping from E1 x E2 into E3



SECTION  C – (4 X 10 = 40)
ANSWER ANY FOUR QUESTIONS
                                                                                                     
[bookmark: _Hlk184576308][bookmark: _Hlk184548929]20. Describe the simple operations on fuzzy subsets
Inclusion. Let E be a set and M its associated membership set, and let 𝐴 and 𝐵 be two~
~

fuzzy subsets of E; we say that 𝐴 is included.~
~

Equality. Let E be a set and M its associated membership set, and let  and  be two
fuzzy subsets of E; we say that𝐴  and 𝐵 are equal if and only if~
~


(5.14)  ∀𝑥 ∈ 𝐸; 𝜇𝐴 (x) = 𝜇𝐵 (x)
Union. Let E be a set and M [0, 1] its associated membership set, and let 𝐴 and 𝐵 be two
~	~
fuzzy subsets of E; we define the union.



𝐴	𝐵
~	~∪




[bookmark: _Hlk184582430]21. Prove that The transitive closure of any fuzzy binary relation in a transitive binary relation.
Proof.  we may write
ℛ̂2 = ℛ̂ ∘ ℛ̂ = ℛ ∪ ℛ2 ∪ ℛ3 ∪ ….
Then, comparing (17,8) and (17,9), we may write
ℛ̂2 ⊂ ℛ̂
which proves ℛ that is transitive.
To summarize, we have the following properties:
(ℛ ⊃ ℛ2) ⇔ (ℛ = ℛ̂) ⇔ (ℛ 𝑖𝑠 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒), (ℛ = ℛ2) ⇔ (ℛ = ℛ̂) ⇔ (ℛ 𝑖𝑠 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒)
[bookmark: _Hlk184583673]22. Theorem of decomposition for a similitude relation. Letℛ be a similitude relation in 𝐸 × 𝐸. Thenℛ may be decomposed in the form
	
	ℛ =∨𝛼 𝛼. ℛ𝛼	0 < 𝛼 < 1

	
	𝑤𝑖𝑡ℎ 𝛼1 > 𝛼2 ⇒ ℛ2 ⊃ ℛ1


where the ℛ𝛼, are equivalence relations in the sense of ordinary set theory and 𝛼ℛ𝛼
indicates that all the elements of the ordinary relation ℛ𝛼 are multiplied by 𝛼.
Proof. First, 𝜇ℛ(𝑥, 𝑥) = 1; it follows that (𝑥, 𝑥) ∈ ℛ𝛼, for 𝛼 ∈ [0,1]; and thus ℛ𝛼
has the property of reflexivity.
Then, letting (𝑥, 𝑦) ∈ ℛ𝛼, 𝛼 ∈ [0,1], this implies that 𝜇ℛ(𝑥, 𝑦) ≥ 𝛼 and𝜇ℛ(𝑦, 𝑧) ≥
𝛼, by the symmetry of ℛ. 𝜇ℛ(𝑦, 𝑥) ≥ 𝛼. Then,ℛ𝛼 has the property of symmetry.
Finally,  for  all  𝛼 ∈ [0,1],  suppose that  (𝑥, 𝑦) ∈ ℛ𝛼,  and  (𝑦, 𝑧) ∈ ℛ𝛼; then
𝜇ℛ(𝑥, 𝑦) ≥ 𝛼and 𝜇ℛ(𝑦, 𝑧) ≥ 𝛼, then by transitivity, 𝜇ℛ(𝑥, 𝑧) ≥ 𝛼 and also ℛ𝛼  is transitive,
Then, ℛ𝛼, being reflexive, symmetric, and transitive, is an equivalence relation.
The converse theorem is equally true.
Converse.ℛ1, is nonempty, (𝑥, 𝑥) ∈ ℛ1, and also


	
	𝜇ℛ(𝑥, 𝑥) = 1,	∀𝑥 ∈ 𝐸,


thenℛ is a reflexive fuzzy relation.
On the other hand, referring to (13.31), one may write

	
	∀(𝑥, 𝑦) ∈ 𝐸 × 𝐸: 𝜇ℛ(𝑥, 𝑦) =∨𝛼 𝛼. 𝜇ℛ𝛼(𝑥, 𝑦)


It is evident that the symmetry of each ℛ𝛼, implies the symmetry of ℛ. Finally, let
	
	𝜇ℛ(𝑥, 𝑦) = 𝛼, and 𝜇ℛ(𝑦, 𝑧) = 𝛽;


Then

	(27.5)
	(𝑥, 𝑦) ∈ ℛ𝛼∧𝛽, and(𝑦, 𝑧) ∈ ℛ𝛼∧𝛽


As a consequence

	
	(𝑥, 𝑧) ∈ ℛ𝛼∧𝛽


becauseℛ𝛼>𝛽 is transitive.
It follows that

	
	∀𝑥, 𝑦, 𝑧 ∈ 𝐸: 𝜇ℛ(𝑥, 𝑧) ≥ 𝛼 ∧ 𝛽


and also

	
	𝜇ℛ(𝑥, 𝑧) ≥ ∨𝑦 (𝜇ℛ(𝑥, 𝑦) ∧ 𝜇ℛ(𝑦, 𝑧))


This with (27.2) and (27,3) proves the transitivity of ℛ.
This converse allows the synthesis of similitude relations, as the direct theorem permits analysis,



22. .      a.Construct the fuzzy graph for Q = M = {0,1/2 , 1}
b.Explain the geometric fuzzy integers.
23. a. Prove that R be any fuzzy binary relation RK+ 1 = RK then R = R1∪ R2∪ R…….∪Rk
b.Prove that Rbe a resemblance relation
                       
[bookmark: _Hlk184586360]24.Describe in detail the laws of fuzzy composition with suitable examples.
 LAW OF INTERNAL COMPOSITION

The law of internal composition on a set E, is a mapping E x E into E. In other words, to each ordered pair (x,y) ∈ 𝐸 × 𝐸 , one corresponds one and only one element 𝑧 ∈ 𝐸.
LAW OF EXTERNAL COMPOSITION

Let 𝑥 ∈ 𝐸1, 𝑦 ∈ 𝐸2 and 𝑧 ∈ 𝐸3. A mapping 𝐸1 × 𝐸2 into 𝐸3 is called a law of external composition. In other words, to each ordered pair (x, y) one corresponds an element 𝑧 ∈ 𝐸3, and only one such element.
Examples
(i) If 𝐸1 = 𝐸2 = 𝑅 (the set of real numbers), if the law is that of ordinary addition
+, this law is internal since the addition of a real with a real always gives a real; indeed one has 𝐸3 = 𝑅.
(ii) If 𝐸1 = 𝐸2=the set of free vectors in a plane and if one there defines × as the vector product (cross product) of the two vectors , one has a law of external composition.

25.
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8 1. Some Topics in Elementary Number Theory

(c) If f(n) denotes the number & of binary digits in n, then it follows
from the above formulas for k that f(n) = O(logn). Also notice that the
same relation holds if f(n) denotes the number of base-b digits, where b is
any fixed base. On the other hand, suppose that the base b is not kept fixed
but is allowed to increase, and we let f(n,b) denote the number of base-b
digits. Then we would want to use the relation f(n,b) = O(‘T?ﬁ)~

(d) We have: Time(n - m) = O(logn - logm}, where the left hand side
means the number of bit operations required to multiply » by m.

(e) In Exercise 6, we can write: Time(n!) = O((nlogn)?).

() In Exercise 7, we have:

Time(z ozt Z bj.Tj) = 0(".1’".2((10g m)?+ log(min(nl,nz))))

In our use, the functions f(r) or f(ni, na,...,n,) will often stand
for the amount of time it takes to perform an arithmetic task with the
integer n or with the set of integers ny, ng,...,n, as input. We will want
to obtain fairly simple-looking functions g(n) as our bounds. When we do
this, however, we do not want to obtain functions g(n) which are much
larger than necessary, since that would give an exaggerated impression of
how long the task will take (although, from a strictly mathematical point
of view, it is not incorrect to replace g(n) by any larger function in the
relation f = O(g)).

Roughly speaking, the relation f(n) = O{n) tells us that the function
f increases approximately like the d-th power of the variable. For example,
if d = 3, then it tells us that doubling n has the effect of increasing f by
about a factor of 8. The relation f(n) = O(log"n) (we write log®n to mean
(logn)?) tells us that the function increases approximately like the d-th
power of the number of binary digits in n. That is because, up to a constant
multiple, the number of bits is approximately logn (namely, it is within 1
of being logn/log2 = 1.4427 logn). Thus, for example, if f(r) = O{log*n),
then doubling the number of bits in n (which is, of course, a much more
drastic increase in the size of n than merely doubling n) has the effect of
increasing f by about a factor of 8.

Note that to write f(n) = O(1) means that the function f is bounded
by some constant.

Remark. We have seen that, if we want to multiply two numbers of
about the same size, we can use the estimate Time(k-bit-k-bit)=0(k?). It
should be noted that much work has been done on increasing the speed
of multiplying two k-bit integers when k is large. Using clever techniques
of muitiplication that are much more complicated than the grade-school
method we have been using, mathematicians have been able to find a proce-
dure for multiplying two k-bit integers that requires only O(klog k log log k)
bit operations. This is better than O(k?), and even better than O(k'*+¢) for
any € > 0, no matter how small. However, in what follows we shall always

1 Time estimates for doing arithmetic 9

be content to use the rougher estimates above for the time needed for a
multiplication.

In general, when estimating the number of bit operations required to
do something, the first step is to decide upon and write down an outline
of a detailed procedure for performing the task. An explicit step-by-step
procedure for doing calculations is called an algorithm. Of course, there
may be many different algorithms for doing the same thing. One may choose
to use the one that is easiest to write down, or one may choose to use the
fastest one known, or else one may choose to compromise and make a trade-
off between simplicity and speed. The algorithm used above for multiplying
n by m is far from the fastest one known. But it is certainly a lot faster
than repeated addition {adding n to itself m times).

Example 10. Estimate the time required to convert a k-bit integer to
its representation in the base 10.

Solution. Let n be a k-bit integer written in binary. The conversion
algorithm is as follows. Divide 10 = (1010); into 7. The remainder — which
will be one of the integers 0, 1, 10, 11, 100, 101, 110, 111, 1000, or 1001
— will be the ones digit dg. Now replace n by the quotient and repeat the
process, dividing that quotient by (1010)z, using the remainder as d) and
the quotient as the next number into which to divide (1010). This process
must be repeated a number of times equal to the number of decimal digits in

n, which is [%I—"D] +1 = O(k). Then we're done. (We might want to take our

list of decimal digits, i.e., of remainders from all the divisions, and convert
them to the more familiar notation by replacing 0, 1, 10, 11,...,1001 by
0,1,2 3,...,9, respectively.) How many bit operations does this all take?
Well, we have O(k) divisions, each requiring O(4k) operations (dividing a
number with at most k bits by the 4-bit number (1010)2). But O(4k) is the
same as O(k) (constant factors don’t matter in the big-O notation}, so we
conclude that the total number of bit operations is O(k) - O(k) = O(%?). If
we want to express this in terms of n rather than k, then since k = O(logn),
we can write

Time(convert n to decimal) = O(log*n).

Example 11. Estimate the time required to convert a k-bit integer n
to its representation in the base b, where b might be very large.

Solution. Using the same algorithm as in Example 10, except dividing
now by the £-bit integer b, we find that each division now takes longer (if
£ is large), namely, O{k¢) bit operations. How many times do we have to
divide? Here notice that the number of base-b digits in n is O(k/£) (see
Example 9(c}). Thus, the total number of bit operations required to do all
of the necessary divisions is O(k/€) - O(k#) = O(k?). This turns out to be
the same answer as in Example 10. That is, our estimate for the conversion
time does not depend upon the base to which we’re converting (no matter
how large it may be). This is because the greater time required to find each
digit is offset by the fact that there are fewer digits to be found.
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We say that the ring Z/pZ is a field. We often denote this field ¥y, the
“field of p elements.”

Corollary 2. Suppose we want to solve a linear congruence ar =
b mod m, where without loss of generality we may assume that 0 < a,b <m.
First, i g.c.d.(a,m) = 1, then there is a solution Zg which can be found in
O(log®m) bit operations, and all solutions are of the form & = xo +mn for
n an integer. Next, suppose that d = g.c.d.(a,m). There ezists o solution if
and only if dib, and in that case our congruence is equivalent (in the sense
of having the same solutions) to the congruence a'z = b mod m| where
o =a/d, b =b/d, m =m/d.

The first corollary is just a special case of Proposition 1.3.1. The second
corollary is easy to prove from Proposition 1.3.1 and the definitions. As
in the case of the familiar linear equations with real numbers, to solve
linear equations in Z/mZ one multiplies both sides of the equation by the
multiplicative inverse of the coefficient of the unknown.

In general, when working module m, the analogy of “nonzero” is often
“prime to m.” We saw above that, like equations, congruences can be added,
subtracted and multiplied (see Property 3 of congruences). They can also
be divided, provided that the “denominator” is prime to m.

Corollary 3. If a = b mod m and ¢ = d mod m, and ifged{cm)=1
(in which case also g.c.d.(d,m) =1), thenac™' = bd~! mod m (where c™!
and d~! denote any integers which are inverse to ¢ and d modulo m).

To prove Corollary 3, we have c{ac™ — bd™') = (acc™! — bdd~') =
a—b =0 mod m, and since m has no common factor with ¢, it foliows that
m must divide ac™* — bd™!

Proposition 1.3.2 (Fermat’s Little Theorem). Let p be a prime. Any
integer o satisfles o = a mod p, and any integer o not divisible by p
satisfies a?~1 =1 mod p.

Proof. First suppose that p Ja. We first claim that the integers
0Oa, la, 24, 3a, ..., (p— 1)a are a complete set of residues modulo p. To see
this, we observe that otherwise two of them, say ia and ja, would have to
be in the same residue class, i.e., i@ = ja mod p. But this would mean that
p|(i — )a, and since a is not divisible by p, we would have pli - . Since 4
and j are both less than p, the only way this can happen is if i = j. We
conclude that the integers a, 2a,. .., (p—1)a are simply a rearrangement of
1,2,...,p—1 when considered modulo p. Thus, it follows that the product
of the numbers in the first sequence is congruent modulo p to the product
of the numbers in the second sequence, i.e., a?~1(p — 1)! = (p ~ 1} mod p.
Thus, p|((p — 1)}(a”~* — 1)). Since (p — 1)! is not divisible by p, we have
pl(aP~! — 1), as required. Finally, if we multiply both sides of the congru-
ence aP~! = 1 mod p by a, we get the first congruence in the statement of
the proposition in the case when a is not divisible by p. But if a is divisible
by p, then this congruence a? = a mod p is trivial, since both sides are
= 0 mod p. This concludes the proof of the proposition.

3 Congruences 21

Corollary. If a is not divisible by p and if n = m mod (p — 1), then
a" = a™ mod p.

Proof of corollary. Say n > m. Since p — 1|n — m, we have n = m +
¢(p—1) for some positive integer ¢. Then multiplying the congruence a®~! =
1 mod n{ by itself ¢ times and then by @™ = a™ mod p gives the desired
result: a™ = a™ mod p.

Example 2. Find the last base~7 digit in 21000000

Solution. Let p = 7. Since 1000000 leaves a remainder of 4 when divided
by p - 1 = 6, we have 21900000 = 94 — 16 = 2 mod 7, s0 2 is the answer.

Proposition 1.3.3 (Chinese Remainder Theorem). Suppose that we want
to solve a system of congruences to different moduli:

z = ay mod my,

T = az mod my,

z = a, mod m,.

Suppose that each pair of moduli is relatively prime: g.c.d.(my, m;) =1
for i # j. Then there exists a simultaneous solution = to all of the con-
gruences, and any two solutions are congruent to one another modulo
M=mimg---m,.

Proof. First we prove uniqueness modulo M (the last sentence). Sup-
pose that 2’ and z* are two solutions. Let = 2’ — x” Then = must be
congruent to 0 modulo each m;, and hence modulo M (by Property 5 at
the beginning of the section). We next show how to construct a solution .

Define M; = M/m, to be the product of all of the moduli ezcept for the
i-th. Clearly g.c.d.(m;, M;) = 1, and so there is an integer V; (which can be
found by means of the Euclidean algorithm) such that M;N; =1 mod m;.
Now set & = Y, a; M;N;. Then for each i we see that the terms in the sum
other than the i-th term are all divisible by m;, because m;|M; whenever
7 # i. Thus, for each i we have: z = g, M;N; = a; mod m;, as desired.

Corollary. The Euler phi-function is “multiplicative] meaning that
@(mn) = p(m)p(n) whenever g.c.d.(m,n)=1.

Proof of corollary. We must count the number of integers between 0
and mn — 1 which have no common factor with mn. For each j in that
range, let 7; be its least nonnegative residue modulo m (ie., 0 < j; <m
and j = j; mod m} and let j; be its least nonnegative residue modulo n
(ie., 0 < j2 < n and j = jp mod n). It follows from the Chinese Remainder
Theorem that for each pair jy, jo there is one and only one j between 0 and
mn—1 for which § = j1 mod m, § = j» mod n. Notice that j has no common
factor with mn if and only if it has no common factor with m — which is
equivalent to j; having no common factor with m — and it has no common
factor with n — which is equivalent to jo having no common factor with
n. Thus, the j's which we must count are in 1-to-1 correspondence with
the pairs ji, j» for which 0 < i < m, ged.(i, m) =1, 0< » < n,
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plications and np additions. The numbers being multiplied are bounded by
m, and the numbers being added are each at most m?; but since we have
to add the partial sum of up to 2 such numbers we should take nom? as
our bound on the size of the numbers being added. Thus, in computing the
coefficient of z¥ the number of bit operations required is at most

(nz + 1)(logzm + 1)% 4 na(loga{nam®) + 1).

Since there are n; +ng + 1 values of v, our time estimate for the polynomial
multiplication is

(ny +nz + 1)((n2 + 1)(logam + 1)? + no(loga(nam?) + 1)).

A slightly less rigorous bound is obtained by dropping the 1’s, thereby
obtaining an expression having a more compact appearance:

na(ny +n2) ((lag m)?

Toq2 Tog2 + (lognz + 2log m)) .

Remark. If we set n = n; > ny and make the assumption that m > 16
and m > \/nz (which usually holds in practice), then the latter expression
can be replaced by the much simpler 4n®(logym)?. This example shows that
there is generally no single “right answer” to the question of finding a bound
on the time to execute a given task. One wants a function of the bounds
on the imput data (in this problem, n;, ny and m) which is fairly simple
and at the same time gives an upper bound which for most input data is
more-or-less the same order of magnitude as the number of bit operations
that turns out to be required in practice. Thus, for example, in Example 7
we would not want to replace our bound by, say, 4n?m, because for large
m this would give a time estimate many orders of magnitude too large.

So far we have worked only with addition and multiplication of a k-bit
and an £-bit integer. The other two arithmetic operations — subtraction and
division — have the same time estimates as addition and multiplication,
respectively: Time(subtract k-bit from {-bit)< max(k, £); Time(divide k-
bit by £-bit)< kl. More precisely, to treat subtraction we must extend our
definition of a bit operation to include the operation of subtracting a 0-
or 1-bit from another 0- or 1-bit (with possibly a “borrow” of 1 from the
previous column), See Exgrcise 8.

To analyze division in binary, let us orient ourselves by looking at an
illustration, such as the one in Example 3. Suppose k > £ (if & < £, then
the division is trivial, i.e., the quotient is zero and the entire dividend is the
remainder). Finding the quotient and remainder requires at most k¥ —£+1
subtractions. Each subtraction requires £ or £+ 1 bit operations; but in the
latter case we know that the left-most column of the difference will always
be a 0-bit, so we can omit that bit operation (thinking of it as “bookkeeping”
rather than calculating}. We similarly ignore other administrative details,
such as the time required to compare binary integers (i.e., take just enough

1 Time estimates for doing arithmetic 7

bits of the dividend so that the resulting integer is greater than the divisor),
carry down digits, etc. So our estimate is simply (k—£+ 1)¢, which is < k.

Example 8. Find an upper bound for the number of bit operations it
takes to compute the binomial coefficient ().

Solution. Since (2) = (,,”,), without loss of generality we may as-
sume that m < n/2. Let us use the following procedure to compute (M=
=n(n—1)(n-2) -+ (n—m+1)/(2:3 - - m). We have m—1 multiplications fol-
lowed by m.—1 divisions. In each case the maximum possible size of the first
number in the multiplication or division is n(n—1)(n—2)--- (n—m~+1) <
n™, and a bound for the second number is n. Thus, by the same argument
used in the solution to Example 6, we see that a bound for the total num-
ber of bit operations is 2(m — 1)m([logzn] + 1)?, which for large m and n is
essentially 2m?(logan)?.

We now discuss a very convenient notation for summarizing the situa-
tion with time estimates.

The big-O notation. Suppose that f(n) and g(rn) are functions of the
positive integers n which take positive (but not necessarily integer) values
for all n. We say that f(n) = O(g(n)) (or simply that f = O(g)) if there
exists a constant C such that f(n) is always less than C-g(n). For example,
2n2 4 3n — 3 = O(n?) (namely, it is not hard to prove that the left side is
always less than 3n?).

Because we want to use the big-O notation in more general sitnations,
we shall give a more all-encompsssing definition. Namely, we shall allow f
and g to be functions of several variables, and we shall not be concerned
about the relation between f and g for small values of n. Just as in the
study of limits as n — oo in calculus, here also we shall only be concerned
with large values of n.

Definition. Let f(ni, na,...,n,) and g(ny, ny,...,n,) be two func-
tions whose domains are subsets of the set of all r-tuples of positive inte-
gers. Suppose that there exist constants B and C such that whenever all
of the n; are greater than B the two functions are defined and positive,
and f(ny, n2,...,nr) < Cg(n1, na,...,nr). In that case we say that f is
bounded by g and we write f = O(g).

Note that the “=" in the notation f = O{g) should be thought of as
more like a “<” and the big-O should be thought of as meaning “some
constant multiple.”

Example 9. (a) Let f(n) be any polynomial of degree d whose leading
coefficient is positive. Then it is easy to prove that f (n) = O{n%). More
generally, one can prove that f = O(g) in any situation when f(r)/g(n}
has a finite limit as n — oco.

(b) If ¢ is any positive mumber, no matter how small, then one can
prove that logn = O(n¢) (i.e., for large n, the log function is smaller than
any power function, no matter how small the power). In fact, this follows

because lim,._.oc,'—”ﬂ”,l =0, as one can prove using 'Hopital’s rule.
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can multiply it by +1 or i and obtain another § of the same absolute
value which also divides o and 4. This gives four possibilities. In what
follows we will consider any one of those four possibilities to be “the”

g.cd.

Notice that amy complex number can be written as a Gaussian inte- -

ger plus a complex number whose real and imaginary parts are each
between 1 and —}. Show that this means that we can divide one
Gaussian integer o by another one § and obtain a Gaussian integer
quotient along with a remainder which is less than A in absolute value.
Use this fact to devise a Euclidean algorithm which finds the g.c.d.
of two Gaussian integers. Use this Fuclidean algorithm to find (a)
g.c.d.(5+6i, 3 —2i), and (b) g.c.d.(7— 114, 8 — 197). In each case ex-
press the g.c.d. as a linear combination of the form ue + v3, where u
and v are Gaussian integers.

The last problem can be applied to obtain an eflicient way to write
certain large primes as a sum of two squares. For example, suppose
that p is a prime which divides a number of the form 58 + 1. We want
to write p in the form p = ¢® + d2 for some integers ¢ and d. This is
equivalent to finding a nontrivial Gaussian integer factor of p, because
¢ +d? = (c + di)(c — di). We can proceed as follows. Notice that

Bal= (@)@t -b2+1), and B -B+1=(" 17+

By property 4 of divisibility, the prime p must divide one of the two
factors on the right of the first equality. If p|b? + 1 = (b +i)(b— i),
then you will find that g.c.d.(p, b+ i) will give you the desired c+di. It
plbt ~ 82 +1 = (87 — 1) +bi) ((b*— 1) — bi), then g.c.d.(p, (5% 1)+ bi)
will give you your ¢+ di.

Example. The prime 12277 divides the second factor in the product
208 + 1 = (202 + 1)(20% — 20% + 1). So we find g.c.d.(12277, 399 + 200):

12277 = (31 — 23)(399 + 205) + (—132 + 178i),
399 + 20i = (—1 — i)(—132 + 178i) + (89 + 661),
—132 + 178i = (20)(89 + 661),

5o that the g.c.d. is 89 + 66i, i.e., 12277 = 897 + 662

(a) Using the fact that 195 +1 = 2-13%.181-769 and the Euclidean al-
gorithm for the Gaussian integers, express 769 as a sum of two squares.
(b) Similazly, express the prime 3877, which divides 15% 4+ 1, as a sum
of two squares.

(¢) Express the prime 38737, which divides 2°6 + 1, as a sum of two

squares.

3 Congruences 19
3 Congruences

Basic properties. Given three integers a, b and m, we say that “a is con-

gruent to b modulo m” and write @ = b mod m, if the difference a — b is

divisible by m. m is called the modulus of the congruence. The following
properties are easily proved directly from the definition:

1. (i) a = a mod m; (ii) @ = b mod m if and only if b = a mod m; (iii)
if @ = b mod m and b = c mod m, then a = ¢ mod m. For fixed m,
{i)—(iii) mean that congruence modulo m is an equivalence relation.

2. For fixed m, each eguivalence class with respect to congruence modulo
m has one and only one representative between 0 and m — 1. (This
is just another way of saying that any integer is congruent modulo
m to one and only one integer between 0 and m — 1.) The set of
equivalence classes {called residue classes) will be denoted Z/mZ. Any
set of representatives for the residue classes is called a complete set of
residues modulo m.

3. Ifa=0bmod mand c =dmodm, then axc = b+dmod m and
ac = bd mod m. In other words, congruences (with the same modu-
lus) can be added, subtracted, or multiplied. One says that the set of
equivalence classes Z/mZ is a commutative ring, i.e., residue classes
can be added, subtracted or multiplied (with the result not depend-
ing on which representatives of the equivalence classes were used), and
these operations satisfy the familiar axioms {associativity, commuta-
tivity, additive inverse, etc.).

4. If a = b mod m, then a = b mod d for any divisor d|m.

5. If a =bmod m, a=bmodn, and m and n are relatively prime, then
a = b mod mn. {See Property 5 of divisibility in §1.2.)

Proposition L3.1. The elements of Z/mZ which have multiplicative
inverses are those which are relatively prime to m, i.e., the numbers a for
which there erists b with ab = 1 mod m are precisely those a  for
which g.c.d.(a,m) = L. In addition, if g.c.d.(a,m) = 1, then such an inverse
b can be found in O(log®m) bit operations.

Proof. First, if d = g.c.d.(a, m) were greater than 1, we could not have
ab =1 mod m for any b, because that would imply that d divides ab — 1
and hence divides 1. Conversely, if g.c.d.(a,m) = 1, then by Property 2
above we may suppose that @ < m. Then, by Proposition 1.2.2, there exist
integers u and v that can be found in O(log®m) bit operations for which
ua + vm = 1. Choosing b = u, we see that m|l — ua = 1 — ab, as desired.

Remark. If g.c.d.{a,m) = 1, then by negative powers ™" mod mm we
mean the n-th power of the inverse residue class, i.e., it is represented by
the n-th power of any integer b for which ab = 1 mod m.

Example 1. Find 160~ mod 841, i.e., the inverse of 160 modulo 841.

Solution. By Exercise 6(c) of the last section, the answer is 205.

Corollary 1. If p is e prime number, then every nonzero residue class
has o multiplicative inverse which can be found in O(log®p) bit operations.
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2 Divisibility and the Euclidean algorithm

Divisors and divisibility. Given integers a and b, we say that a divides b (or
“b is divisible by a”) and we write a|b if there exists an integer d such that
b = ad. In that case we call a a divisor of b. Every integer b > 1 has at least
two positive divisors: 1 and b. By a proper divisor of b we mean a positive.
divisor not equal to b itself, and by a nontrivial divisor of b we mean a
positive divisor not equal to 1 or b. A prime number, by definition, is an
integer greater than one which has no positive divisors other than 1 and
itself; a number is called composite if it has at least one nontrivial divisor.
The following properties of divisibility are easy to verify directly from the
definition:

1. If a|b and c is any integer, then albe.

2. If a|b and blc, then alc.

3. If ajb and alc, then albxc.

If p is a prime number and « is a nonnegative integer, then we use the
notation p®||b to mean that p* is the highest power of p dividing b, ie.,
that p®|b and p*+! /b. In that case we say that p* ezactly divides b.

The Fundamental Theorem of Arithmetic states that any natural num-
ber n can be written uniquely (except for the order of factors) as a product
of prime numbers. It is customary to write this factorization as a product of
distinct primes to the appropriate powers, listing the primes in increasing
order. For example, 4200 = 23 .3.52. 7.

Two consequences of the Fundamental Theorem (actually, equivalent
assertions) are the following properties of divisibility:

4. If a prime number p divides ab, then either pla or p|b.
5. If mla and nja, and if m and n have no divisors greater than 1 in
common, then mnja.

Another consequence of unique factorization is that it gives a system-
atic method for finding all divisors of n once n is written as a product of
prime powers. Namely, any divisor d of n must be a product of the same
primes raised to powers not exceeding the power that exactly divides n.
That is, if p*||n, then pP||d for some 3 satisfying 0 < 8 < a. To find the
divisors of 4200, for example, one takes 2 to the 0-, 1-, 2- or 3-power, mul-
tiplied by 3 to the 0- or 1-power, times 5 to the 0-, 1- or 2-power, times
7 to the 0- or 1- power. The number of possible divisors is thus the prod-
uct of the number of possibilities for each prime power, which, in turn, is
a-+1. That is, a number n = p*p3? -+ p&r has (o1 + 1){ae +1) -+ {a- +1)
different divisors. For example, there are 48 divisors of 4200.

Given two integers a and b, not both zero, the greatest common divisor
of a and b, denoted g.c.d.(a,b) (or sometires simply (a,b)) is the largest
integer d dividing both a and b. It is not hard to show that another equiv-
alent definition of g.c.d.{a,b) is the following: it is the only positive integer
d which divides a and b and is divisible by any other number which divides
both a and b.

2 Divisibility and the Euclidean algorithm 13

If you happen to have the prime factorization of a and b in front of you,
then it’s very easy to write down g.c.d.(a,b). Simply take all primes which
occur in both factorizations raised to the minimum of the two exponents.
For example, comparing the factorization 10780 = 22 -5 72 - 11 with the
above factorization of 4200, we see that g.c.d.(4200, 10780) = 22.5-7 = 140.

One also occasionally uses the least common multiple of a and b, de-
noted l.c.m.(a, b). It is the smallest positive integer that both a and b divide.
If you have the factorization of & and b, then you can get I.c.m.(a, b) by tak-
ing all of the primes which occur in either factorization raised to the rnazi-
mum of the exponents. It is easy to prove that l.c.m.(a,b) = |ab|/g.c.d.(a,b).

The Euclidean algorithm. If you're working with very large numbers,
it’s likely that you won't know their prime factorizations. In fact, an impor-
tant area of research in number theory is the search for quicker methods of
factoring large integers. Fortunately, there’s a relatively quick way to find
g-c.d.(a,b) even when you have no idea of the prime factors of a or b. It’s
called the Euclidean algorithm.

The Euclidean algorithm works as follows. To find g.c.d.(a,b), where
a > b, we first divide b into a and write down the quotient ¢; and the
remainder ri: ¢ = q1b + r1. Next, we perform a second division with b
playing the role of a and ry playing the role of b: b = gar; + 72. Next,
we divide r; into ri: 7y = gare + r3. We continue in this way, each time
dividing the last remainder into the second-to-last remainder, obtaining
a new quotient and remainder. When we finally obtain a remainder that
divides the previous remainder, we are done: that final nonzero remainder
is the greatest common divisor of a and b.

Example 1. Find g.c.d.(1547,560).

Solution:

1547 = 2- 560 + 427
560 =1-427+133
427=3-133+28
133=4-28+21

28=1-21+T7.

Since 7|21, we are done: g.c.d.(1547,560) = 7.
Proposition 1.2.1. The BEuclidean algorithm always gives the greatest
common divisor in a finite number of steps. In addition, for a > b

Time{finding g.c.d.(a,b) by the Euclidean algorithm) = Ollog®(a)).

Proof. The proof of the first assertion is given in detail in many ele-
mentary number theory textbooks, so we merely summarize the argument.
First, it is easy to see that the remainders are strictly decreasing from one
step to the next, and so must eventually reach zero. To see that the last
remainder is the g.c.d., use the second definition of the g.c.d. That is, if any
number divides both o and b, it must divide 7, and then, since it divides




