


SCHEME
Course Code: 									Max. Marks: 75
Course Name: Algebra – II (for M.Sc. Mathematics)				Time: 3 Hrs.
Section – A
      Answer any TEN  questions					10  2 = 20 marks
1. [K:F] divides [L:F].
2. The extension field K of F is called algebraic extension of F if every element in K is algebraic over F.
3. 
TWO.  [since 
4. If a  K is a root of p(x)  F[x] where F  K then in K[x], (x – a) | p(x).
5. If f(x)  F[x],  finite extension E of F is said to be a splitting field over F for f(x) if over E, but not in any proper subfield of E, f(x) can be factored as a product of linear factors.
6. The extension K of F is a simple extension of F if K = F() for some  in K.
7. If G is a group of automorphisms of K then the fixed field of G is the set of all elements         a  K such that (a) = a for all   G.
8. K is a normal extension of F if K is a finite extension of F such that F is the fixed field of G(K,F).
9. F will be the splitting field of the given polynomial.
10. Number of primitive roots = (17) = 16.
11. 


A polynomial p(x)  F[x] is solvable by radicals if we can find a finite sentence of fields          F1 = F(1), F2 = F1(2), … , Fk = Fk-1(k) such that , , … such that the roots of p(x) all lie in Fk.
12. A group G is said to be solvable if we can find a finite chain of subgroups G = N0  N1  N2  ….  Nk = (e), where each Ni is a normal subgroup of Ni-1 and such that every factor group Ni-1/Ni is abelian.
Section – B
        Answer any FIVE questions						5  5 = 25 marks
13. Let u be any arb. Element of L.  Since L is algebraic over K, it satisfies some polynomial xn + 1xn-1+… + n, where 1, 2, … ,n  K.  Also, K is algebraic over F.  Thus, M = F(1, 2, … ,n) is a finite extension of F.  Since u satisfies the poly. xn + 1xn-1+… + n whose coefficients are in K, u is algebraic over M.  thus M(u) is a finite extension of M.  But, [M(u):F] = [M(u):M] [M:F], when M(u) is a finite extension of F.  But this shows u is algebraic over F.
14. Proof is by induction of degree, n of the polynomial p(x).  If n = 1, then p(x) will be of the form x + , where ,   F,   0.  Any a such that p(a) = 0   a +  = 0.  Thus, a=- /.  Assume the result is true for any field for all polynomials of degree less than n.
Suppose p(x) has at least one root a  K of multiplicity m.  Showing p(b) = 0 = (b-a)mq(b), so that q(b) = 0.  i.e. any root of p(x) in K other than a must be a root of q(x).  Since q(x) is of degree n – m < n, By hypothesis q(x) has at most n – m roots in K.  Thus, p(x) has at most (n – m) + m = n.
15. Assume f(x) has a multiple root, showing f(x) and f ’(x) have a common root…… 2 marks
For the converse --- 3 marks
16. Let a, b  G.  Then for all   G, (a) = a and (b) = b.  But then (a ± b) = (a) ± (b) = a ± b; and (ab) = (a)(b) = ab; hence a ± b, ab are again in the fixed field of G.  If b  0, then (b-1) = ((b))-1 = b-1.  Thus, b-1  G.  Thus, fixed field of G is a subfield of K.
17. 


Consider the polynomial  in Jp[x].  Let K be the splitting field of this polynomial.  In K, let F = {a  K / }  The elements of F are thus the roots of  , and they are all distinct.   							-- 2 marks
Showing F is a field.						-- 3 marks
18. Suppose a  D.  Since D is algebraic over C, an + 1an-1+…. + n-1a + n = 0 for some 1, 2, … , n  C.  Now, p(x) = xn + 1xn-1+…. + n-1x + n can be factored in C[x] into a product of linear factors: (x-1) (x-2) ... (x-n); since C is in the center of D, every element of C commutes with a, hence p(a) = (a-1) (a-2) ... (a-n).  But, p(a) = 0, (a-1) (a-2) ...  (a-n) = 0.  Since a product in a division ring is zero only if one of the terms of the product is zero, we have a - k = 0 for some k, hence a = k from which we get a  C.  Thus,             D  C.  										--- 4 marks
since C  D, C = D.								--- 1 mark
19. N(xy) = (xy)(xy)* = (xy)(y*x*)x(yy*)x* = (xx*)(yy*)  [since yy* = N(y) is real number, it is in the center of Q.
(xx*)(yy*) = N(x) N(y).
Section – C
Answer any FOUR questions
						4  10 = 40 marks
20. Let [L:K] = m and [K:F] = n.   Let v1, .. vm be the basis of L over K; and w1, w2, … , wn basis of K over F.  Thus, for t  L, t = k1v1 + … +kmvm, where ki  K.  and ki = fi1w1 + … +finwn.  Thus, t is expressed as a linear combination of elements viwj whose coefficients are from F.  Thus, mn elements spans L over F.  					-- 5 marks
Showing these vectors are linearly independent				-- 5 marks
21. Proof is by induction on [E:F] = n
For n = 1, showing E = F;  = .			-- 1 mark.
Assume the result for [E0:F0] < n.			--- 2 marks
Proving the result for [E:F)=n > 1			-- 7 marks
22. Let [K:F] = n, and let u1, u2, … un be a basis of K over F.  Suppose we have n + 1 distinct automorphisms 1, 2, … , n+1 in G(K, F).  Then we have a system of n homogeneous linear equations in n + 1 unknowns 1(ui)x1 + … + n+1(ui)xn+1 = 0 for I = 1, 2, … n. has a nontrivial solution x1 = a1, .., xn+1 = an+1 in K.  				-- 5 marks

Thus, a1 1(ui) + … + an+1 n+1(ui) = 0 for I = 1, 2, .., n.  Since every element in F is left fixed by each I, and since an arbitrary element t in K is of the form t = 1u1 + … + nun, we get
a1 1(t) + … + an+1 n+1(t) = 0 for all t K, a contradiction.		-- 5 marks
23. A finite division ring is necessarily a commutative field.		--- 1 mark
Let K be a finite division ring and let Z = {z  K/ zx = xz for all x  K} be its centre.  If Z has q elements, then showing K has qn elements.				--- 2 marks.
Showing n = 1 so that Z = K.						--- 7 marks
{Note: Two different proofs are available}
24. Let K be the splitting field of p(x) over F; the Galois group of p(x) over F is G(K, F).  Since p(x) is solvable by radicals, there exists sequence of fields


 	F  F1 = F(1)   F2 = F1(2)  …   Fk = Fk-1(k), where ,, ..
      , and K  Fk.Assume Fk is normal extension of F.  Thus, Fk is a normal extension of any 
      intermediate extension of each Fi.						--- 2 marks

      Showing Fi is a normal extension of Fi-1, and conclude G(Fk, F)  G(Fk, F1)  …                           
        G(Fk, Fk-1)  (e), each subgroup in this chain is a normal, and conclude G(Fi, Fi-1) is 
       isomorphic to                  G(Fk, Fi-1)/G(Fk, Fi).  
       Each quotient group G(Fk, Fi-1)/G(Fk,Fi) is abelian.				-- 2 marks

       Conclusion and the converse part						-- 6 marks
25. Proving every positive integer n = x12+x22+x32 + x42.				-- 10 marks
****
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