
Scheme of Valuation
PROBABILITY THEORY
Time: 3 hours                                                                                              Maximum Marks: 75

SECTION – A (10 X 1 = 10 Marks)
ANSWER ANY TEN QUESTIONS

1. When do you say that two events A and B are exclusive?
[image: ]
2. Define random variable.
[image: ]
3. Let A and B be two events satisfy the condition  then show that .
[image: ]
4. Let X be a random variable with  and .  Find .
[image: ]
5. Define standardized random variable.
[image: ]
6. Define the quantile of order p.
[image: ]
7. Define semi-invariants.
[image: ]
[image: ]
8. Show that 
[image: ]
9. Define one point distribution.
[image: ]
10. Define pólya distribution.
[image: ]
[image: ]

11. State de Moivre-Laplace theorem.
[image: ]

12. Define Stochastically convergent to zero.
[image: ]

SECTION – B (5 X 5 = 25 Marks)
 ANSWER ANY FIVE QUESTIONS 

13.  Let  be non increasing sequence of events and let A be their product.  Show that . 
[image: ]
[image: ]
14. Discuss the transformation .
[image: ]
[image: ]
15. Show that the coefficient of correlation satisfies the double inequality.
[image: ]
16. Find the characteristic function and the moments of a normal distribution.
[image: ]
17. Find the density function of the random variable X whose characteristic function is 

[image: ]
18. State and prove Poisson’s theorem.
[image: ]
[image: ]
19. State and prove Lindeberg-Lévy theorem.
[image: ]
[image: ]

SECTION – C (4 X 10 = 40 Marks)
ANSWER ANY FOUR QUESTIONS

20. State and prove Baye’s theorem.
[image: ]
[image: ]
21. State and prove Lapunov inequality.
[image: ]
[image: ]
22. Let  and  denote respectively the distribution function and the characteristic function of the random variable X. If  and  are continuity points of the distribution function  then prove that 

[image: ]
[image: ]
[image: ]
23. Define Cauchy distribution and find its characteristic function.
[image: ]
[image: ]


24. Find the characteristic function, moments, mean and variance of the uniform distribution.

























Since the random variable X has a uniform distribution.  So it is continuous type.

We know that 

The moment of order k is given by 
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Put 


























25. State and prove Levy-Cramer theorem.
Let  be a sequence of random variables and let  and  be respectively the distribution function and the characteristic function of  Then the sequence  is convergent to a distribution function  if and only if the sequence   is convergent at every point  to a function  continuous in some neighborhood  of the origin.  The limit function  is then the characteristic function of the limit distribution function  and the convergence  is uniform in every finite interval on the t-axis.

Theorem (1)

If the sequence  of distribution functions is convergent to the distribution function  then the corresponding sequence of characteristic functions  converges at every point  to the function  which is the characteristic function of the limit distribution function  and the convergence to  is uniform with respect to  in every finite interval on the axis.

Proof:

To prove that  converges to  unifromly with respect to  in every finite interval on the axis.

Since given  converges to 

Let  and  be continuity points of the distribution function 

We know that 
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Let  be arbitrary.  Since  is continuous at  and .

Therefore,  converges to   and  converges to 

Since a and b are continuity points of , we obtain, for sufficiently large n,



By the Lebesgue theorem to the limit under the integral sign, by the assumption of the theorem and  is uniformly bounded in every interval, we obtain



Since the function under the integral on the right hand side of the above is equal to zero expect at most at a countable number of points, the integral under consideration is equal to zero.

Now, Suppose that t satisfies the inequality where  and  are arbitrary fixed numbers and let K be the greater of the numbers   That is,



Then, for sufficiently large n and all t under consideration, we have 



Sub (3) and (4) in (2) we have 







Now














Thus, if a is sufficiently large in absolute value, then by assumption of the theorem and the continuity of  at a, we have, for sufficiently large n, 



Hence for all t and sufficiently large n,





Similarly 



From (1)



 for sufficient large n and for all t.



Theorem (2)

If the sequence of characteristic functions  converges at every point  to a function  continuous in some interval , then the sequence of corresponding distribution functions converges to the distribution function  which corresponds to characteristic function 
Proof:

By Helly theorem

“Every sequence of distribution functions  contains a subsequence  convergent to some non decreasing function 

The function  can be changed at its discontinuity points so that it becomes continuous from the left.

If does not follow from the Helly theorem that  is a distribution function.

Since  is the limit of distribution functions, we have 

To prove that
 
Suppose that 

Since   we have 

By the assumption that the function  is continuous, it follows that in some neighborhood of the origin  it will differ little from 1.











Consider the left inequality







Integrating with respect to t over  and dividing both sides by   we have













Where  is chosen in such a way that 















Since 

By Helly theorem



From (2) we have

 

Since the subsequence  converges to 

Choose  such that  are continuity points of the limit distribution function, and a number K such that  



To prove that (3) is not saisfied.





Since 

For 



Now for   we have



On contrary, assume that (3) is satisfied.

From (i) 































Which is contradicts to the inequality (3).

Therefore our assumption  is wrong.

Hence 

But 

Therefore 

Thus the limit function  is the distribution funciton.



By above theorem (1)  is a characteristic funciton.

Now we proved that the subsequence  converges to  but not the whole sequence  converges to .

Let us consider another subsequence  convergent to a limit  different from .

By above resasoning implies that  is a distribution function and from the above theorem (1)  has the same characteristic funciton as 

Hence by Levy theorem 

Thus every subsequence of the sequence  contains a subsequence convergent to the same distribution funciton 

Hence the bsequence  converges to .
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The coefficients «, in (4.3.3) are called semi-invariants.
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1$0)] = |EE™)| < E(e™)) = 1,

@1 < 1.
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Definition 5.1.1. The random variable X has a one-point distribution if
there exists a point 2 such that

(5.1.1) PIX =,
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Defiition 5.4.1.The random variable X with the probability distribu-
1) has a Pélya distribution.
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Theorem 6.7.1. Let {F,(y)} be the sequence of distribution functions of
the random variables Y, defined by (6.1.2), where the X, have the binomial
distribution given by formula (6.1.1). If 0 < p < 1, then for every y we
have the relation

(6.7.3) limF(s) = 7= f' e dy.
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Definition 6.2.1. The sequence {X,} of random variables is called
stochastically convergent® 1o zero if for every ¢ > 0 the relation

(62.4) lim P(1X,| > ) = 0
is satisfied. e
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Proofs If the sequence {4} is nonincreasing, then for every n we have

Av=3 A+ A

1t follows from formula (1.3.2) that

130 ) = 2(3 mdi) + ) = P45 ).
‘We note that

4 2 A = 2 Ay

For every k, the event AAdy., is the impossible event; therefore
P(A4, Ay = 0. By axiom 111, we obtain

P(é‘ukl»,,)

Since the events under the summation sign on the right-hand side of formula
(1.3.6) are exclusive, we have

1.3.7) P(4,) = i P(Agysr) + P(A).
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> P(Adiry)
&1

is convergent, being a sum of non-negative terms whose partial sums are
bounded by one. Tt follows that as 71— oo the sum in (1.3.7) tends to
zro. Thus, finally,

lim P(4,) = P(A).
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Now let X be a random variable with the distribution function
F(z). Consider the transformation Y = X2 The random variable Y
does not take on negative values. Let £(y) be the distribution function
of Y. Then we have

(24.12)
for y <O,

0
A= {P(Y< P=PX?<y)=P(—y<X <y for y>0.
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If the random variable X is of the continuous type, from (2.4.12) we
obtain
0 for y <0,
(24.13 Fyy) = { — - g
) O e~ Ry for 5> 0,
If the random variable X has the density f(x), by formula (2.4.13) the
density of Y is
for y <0,
@419 )= rm) +FD) WD) o s
2y 2y
If, however, the random variable X is of the discrete type, from (2.4.12)
we obtain
0 for ¥ <0,
(24.15) Fy)= { — -~ - ’
! F(Jy) = F(—Jy) = PX = =) for y>0.
If the point —V/y is not a jump point of the random variable X, then
P(X = —V/y) = 0 and formula (2.4.15) becomes identical with (2.4.13).
Let @y, @, ... be the jump points of the random variable X, and
Y1 Y - - - be the points corresponding to them according to the relation
y; = z2 We have

(2416) P(Y=y)=P(X2=y) = P(X = —Vy) + P(X = V).
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Proof. For arbitrary real numbers ¢ and u consider the non-negative
expression
(4628 B{IX — my) + u(Y — molP}
= BE[(X — ] + 20E[X — my)(Y — )]
+ (Y ~ )]
=202 + 2tupy, + work.

Since the left-hand side of (3.6.28) is always non-negative, we must have

p® = 00 <0, o —0y0, < pyy < 040,
and hence

—igi g
010
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f@ =

e () s
L wyerp (~Z) do
[ epnen (-2)

hence

(4.2.10)

@212

We have already obtained the same values rm, and m, in examples 3.1.4 and 3.2.2.
‘The reader can verify that all the odd order moments equal zero and that the even
order moments are expressed by the formula

@213) my =1-3-5-...-@l =1
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It is obvious that the function 4,(7) is absolutely integrable over the interval
(=@ <1< +e). From formula (4.5.6) we obtain

f@ )=_f eiteg, (1) dt :—f (U + e dr +_,[“ — Deitedr;

r(l + et dt = [‘ﬂ‘zu + r)} -
-
--1 l[ﬂ']"

Atz =i

f(l — et dr = [r‘:n _.)]'+
o o

D dfet 11
EE R e

emite dt

—cosz
=

We then have
@59 /<z)=2:z_,(z — e —eie) "_'L,(l i )
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Lheorem 5.0.1. Lel the random variable X, have a binomial distribution
defined by the formula

(552) PX,=n= (n T A

where r takes on the values 0, 1,2, ..., n. Ifforn=1,2,... the relation
(.53) p==
holds} where 2. > 0 is a constant, then

(55.4) lim P(X,, = r)

Since the expected value of X,, is np, condition (5.5.3) means that as
increases the expected value of X,, remains constant.
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Proof. Let us transform formula (5.5.2) in the following way:

==t =2

A’(l _ 4)""01 —D...—r+ 1),

n "

Using the fact that

lim (1 - 5)": et

sl )
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Theorem 6.8.1. If Xy, X, . . . are independent
same distribution, whose standard deviation o # 0 exists, then the sequence
{F.(2)} of distribution functions of the random variables Z,, given by
formulas (6.8.3) and (6.8.2), satisfies, for every z, the equality

(6.8.4) lim F,(6) = \/Lz_ﬂ _Le"’/? da.
Proof. Let us write equality (6.8.3) in the form
| on
Z, =L S —m).
Py A

i

All the random variables X, — m have the same distribution, hence the
same characteristic function ¢,(1). According to formulas (4.2.15) and
(4.4.3) the characteristic function ¢,(r) of Z, has the form

[GE) 80 = [t»(ﬁﬁ)}

‘We have assumed the existence of the first and second moments, and
we have

E(Xy—m=0 and DX,—m)=

Hence we can expand the function ¢,(¢) in a neighborhood of the point
1= 0 according to the MacLaurin formula as follows:

(6.8.6) B0 =1 — 102 + o(s?).
Substituting expression (6.8.6) in formula (6.8.5), we obtain

so=[i-Z o]
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where for every ¢ we have

o
(68.7) limno (L) —o
Let

‘We obtain
i 12 @ 1
log ¢.(1) = nlog (1 + 1) = n[— =+ o(f)] =-t4 nu(f).
2" \n 2 n
By relation (6.8.7) we obtain lim log (1) = —%/2. Hence

P,

lim ¢,(1)

The expression e~/ is the characteristic function of a random variable
with the normal distribution. By theorem 6.6.16 we obtain relation
(6.8.4), which proves the theorem of Lindeberg-Lévy.
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Theorem 1.6.2. If the events Ay, A,, ... satisfy the assumptions of the
theorem of absolute probability and P(B) > 0, then for i = 1,2, . . . we have

P(4)P(B| 4)

DR VA Pep— 5L U1 —

(| P(A)P(B| A) + P(A)P(B[A) + ...
In fact, substituting A, for 4 in formula (1.5.4), we obtain

P(A4)P(B| 4)

P(d;| B) = B

and introducing in the denominator expression (1.6.2) for P(B), we
obtain (1.6.5).
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Lheorem 1.6.1. If the random events Ay, Ay, . .. are pairwise exclusive
and exhaust the st E of elementary events, and if P(A) > 0 fori=1,2,...
then for any random event B we have
(1.6.2) P(B) = P(A)P(B | 4)) + P(AP(B | 45) + ...

Tn fact, from the assumptions it follows that B may happen together
with one and only one of the events A,. We then have

B=AB+ A8+

and

(1.63) P(B) = P(4,B) + P(4,B) + . ...
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Theorem 3.4.1. If for a random variable X the absolute moment of order
n exists, for arbitrary k(k =1,2,...,n— 1) the following inequality is
then true:
(342) B < BT,

Proof. Suppose that the random variable X is of the continuous type.

Let u and v be two arbitrary real numbers. Consider the non-negative
expression

(34.3) j [ 1207 o] VS (2) da
—J [® 127 4 2up [2* + o* |2]**1]f (2) d=

= Pr-att® + 2B0 + o

Since the quadratic form on the right-hand side of (3.4.3) does not change
sign, the inequality

(3.4.4) BE < Besbron




image29.png
holds. Raising both sides of (3.4.4) to power k, we obtain
(345) B < Biabin
Putting k = 1,2,...,n — 1 in inequality (3.4.5), we obtain
Bi® < BBy
B < BB
B < BB,

i3

-0 ¢ groign-
TV < BT
where

fo=[ Tt 1) ax

Multiplying the k successive inequalities, and taking into"account the
fact that iy = 1, for every k = 1,2,...,n — I, we obtain the inequality

(3.4.6) B < Biare

1.
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Before proving it we shall show how to apply theorem 4.5.1. Since the
numbers a and 4 are arbitrary, formula (4.5.1) gives the difference F(z,) —
F(z,) for arbitrary continuity points z, and z,. By the relation

Flay) — Fzy) = P, < X <),

if we know the characteristic function (1), we obtain from theorem 4.5.1
the probability that the value of X belongs to an arbitrary. continuity
interval (see definition 2.5.6).

Let = = 2, be a given continuity point and let z, — — o, where the
passage to the limit is performed over the set of continuity points. Here
the sequence of differences F(z) — F(,) is determined by the character-
istic function and is convergent to F(@); thus the distribution function
F(z) is determined at every continuity point; hence it is determined
everywhere. We now give the proof of theorem 4.5.1.

Proof. We give the proof only for a random variable of the continuous
type with density function /(z). Denote

g
(452) J= :1, f,, %’” emag(r) dr.

From the definition of the characteristic function we obtain

’ H‘;:Uj:i"‘ﬁf’“‘e“’fm i
- fTTU: @ ey @) de] at.

We notice that we can interchange the order of integration since the limits
of integration with respect to 1 are finite and the integral is absolutely
convergent with respect to z. Thus

Iz

o
@) dx < hjl @) de=h.

/(@) dz =L:

sin bt yqe-.
e
[

sin ht
t




image31.png
‘We obtain

g

By the formula

sin A cos B = }sin (4 + B) + sin (4 — B)]
and the substitution 4 = ht, B =zt — at, we obtain
@5.2)

"L [Fsinl=—a+ ]
7".-17{’1']:&“[(: ‘a+h)1 @

1 (Tsin[(z —a — h)]
- ;.[ - d'}/(’] de

o
=f_ &(x, T)f (2) d=,
where g(z, ) denotes the expression in the braces. It is known from
7
mathematical analysis that the inl:gralJ. (sin z/z) d is bounded for all
o

T> 0 and converges to }m as T'— +oo. It follows that the expression
g€, T)| is bounded and
1 [T sinat 1 fora>0,
lim = dt
reamdo  t —% fora <o

Here the convergence is uniform with respect to o where o]
J&—a | > &> 0. From this fact we obtain

0 forz<a—h
3 fore=a—h
@53  limgeT)={1 fora—h<z<a+h
e } forz=a+th
0 fore>a+th
It follows that in computing lim J we can pass to the limit under the

ey
integral sign on the right-hand side of (4.5.2').




image32.png
Hence we obtain

o
(4.5.4) lim J = f lim g(x, T)f (2) d
Toa da 7w

=fw}’(z) da = F(a + ) — F(a — ).
oo

From (4.5.2) and (4.5.4) we obtain (4.5.1). Thus the theorem is proved
for a random variable of the continuous type. For a random variable of
the discrete type the proof is similar; it is only necessary to replace the
integrals by series.
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Definition 5.10.1. The random variable X has a Cauchy distribution if
its density is given by the formula

(5.10.1) f@) = :t . #—m‘

‘The function f(#) is non-negative. By substituting

N where 2> 0.

(5.102)

‘we obtain
va o gy 1[ ]m
) dz = I ——— = —| arctan. =1
f-wj() celt g Y.

To find the characteristic function of the random variable X let us first
find the characteristic function of the random variable Y which is the
linear transformation of X given by (5.10.2). Thus Y has the density

T

11

5.103 L1

(5.103) W=

and the characteristic function

(5.10.4) ¢(1)=1fme*'v L4y
mdew” 1492

To find ¢(7) consider first the density

(5.10.5) F@) = 3o,

The reader may verify that expression (5.10.5) is a density. The character-
istic function of the random variable with the density (5.10.5) is

duy =3[ eveay =

f (cos ty + isin ty)e™ ¥ dy

N —
o
Tntegrating by parts, we obtain

f cos xye"'dy:[ eV cos ry] - rJ. sin tye™ dy
o oo

f sin tye™ dy.
o
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Similarly,
f sin tye™ dy = [‘e”’ sin ty] + rf e cos ty dy
o b o

= rf e cos ty dy.
o
Hence we obtain

f e Vcosty dy = ﬁf €™ cos ty dy.
o o

Finally we have

(5.10.6) b0 :fme"cos tydy = —
o

1+
The characteristic function (5.10.6) is absolutely integrable over the interval
(=0, +00); by (4.5.6) its corresponding density is

1 J‘+m ot
5107 =—| Z—a.
(5.10.7) =) ire
From (5.10.5) we obtain

S =lfm P
mdow L1

Changing e~i% into ¢ under the integral sign (this does not affect the
value of the integral) and changing the roles of ¢ and y, we obtain

(5.10.8) et =1J‘w 4y
adewl 4y

The right-hand side of (5.10.8) is identical with that of (5.10.4); thus
we finally obtain
(5.109) $ry = e,
Since X is a lincar transformation of Y, for the characteristic function
(1) of X we obtain the formula
(5.10.10) $ult) = exp (it — 21t

Since, as can easily be seen, the function ¢y(7) is not differentiable at
1= 0, none of the moments of the Cauchy distribution exist.

‘The addition theorem is valid for the Cauchy distribution. In fact, let
X, and X, be two independent random variables with densities

LA I S S,
P e—m T e om

(g 2> 0).

&(®) =
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Definition 1.2.5.  We say that two events A and B are exclusive if they
do not have any common clement of the set E.
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Definition 2.1.2. A single-valued real function X(e) defined on the set E'
of elementary events is called a random variable' if the inverse image of
everv interval 7 on the real axis of the form (—oo. 2) is a random event.
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B=A+(B—A).
Events A and B — A are exclusive; hence, according to axiom I,
P(B) = P(4) + P(B — A).
Since P(B — 4) > 0, we have P(B) > P(A).
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E(X*)=4-02+16-08





image5.png
Definition 3.2.6. A random variable X, for which
EX)=0, DX)=1,

is called a standardized random variable.
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Definition 3.5.2. The value  satisfying the inequalities
(53 PX<®)>p PX>®>1—p ©O<p<D
is called the quantile of order p and is denoted by .




