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SECTION - A (10 X 1 =10 Marks)
Answer Any Ten Questions

Show that S4 is solvable.

Proof. If G = S, by Lemma 5.7.2, G contains all 3-cycles in §, for
every k. Therefore, G® # (¢} for any &, whence by Lemma 5.7.1, G cannot

be solvable.

K1

Co1

Predict that general polynomial of degree n > 5 is not
solvable by radicals.

[f f (x) is an irreducible polynomial over Q, of prime degree
p, and if f has exactly p - 2 real roots, then its Galois group
is Sp. By Galois Theory an arbitrary polynomial equation of
degree >5>5 is not solvable using radicals, unlike the
polynomial equation of second degree which is solvable by
radicals (because of the alternating group of order 5, the
symmetry group is not soluble).

Co1

Define Normalizer of a in G.

DEFINITION If ae G, then N(a), the normalizer of a in G, is the sg
N(a) = {xe G|xa = ax}.

K1

Co1

Define Internal direct product.

K1

CO2

Define the class equation.

If G is a .finite group, then c, = o(G)fo(N(a)), in other words, the
number of elements conjugate to a in G is the index of the
normalizer of a in G.

CO2

What is meant by canonical form?

Lhus we need some canonical form for elements in Ag(V) (or in F
which presumes nothing about the location of the characteri !
ﬂements, a canonical form and a set of in
fsing only its elements an

Bg har tha watfnmad ameeoioo1

stic roots of it
variants created in Ag(V) itsel
d operations. Such a canonical form is provideq

CO3

Define Invariant
The integers vy, 05, - .., &, are called the phiparianls of

K1

CO3

Define Jordan form.

(jl JJ

in called the Jorden form of T. Note that Theorem 6.6.2,

K1

CO4

Define Trace of matrix.

DIEFlNITlDN The frace of 4 is the sum of the elements on the main
diagonal of A.

CO4

10

Define Normal Transformation.

K1

CO5



http://en.wikipedia.org/wiki/Galois_theory
http://en.wikipedia.org/wiki/Radical_of_an_algebraic_group
http://en.wikipedia.org/wiki/Alternating_group
http://en.wikipedia.org/wiki/Solvable_group

DEFINITION T e A(V) is said to be normal if TT* = T*T.

11

Define Unitary transformation.

DEFINITIOM The linear transformation T 4(F) is saxd to he wnitary
if{ud, el = (u,2) forallu, ve .

K1

CO5

12

Infer that G is abelian and G is not simple if G is a group
of order 112x 13 2.

by Sylow theorems, that if G has

order 112x132then G=H.Kwith |H|=112, |[K|=132and H,K

COs

SECTION - B (5 X 5 =25 Marks)
Answer Any Five Questions

13.

Explain the conjugacy relation defined on a group in an
equivalence relation.

The relation ~ defined on a group G by: fora,b € G,a~b
if b= cac—1 for some ¢ € G, is an equivalence relation on G,
which is called conjugacy and the equivalence class Cl(a) =
{cac—1 | c € G} of a determined by ~ is called the
conjugacy class of a.

Froof. - As usual, in order to establish this, we must prove that

lLan~g
- 2. a ~ bimplies that b ~ ;
3. a~b, b~ cimplies thata ~ ¢

foralla, b, cin G.
We prove each of these in turn.

! Co oy . . . "
- 1. Since a =¢""az, a ~ a, with ¢ = ¢ serving as the ¢ in the definition

of conjugacy. "
(2. If e~ b, then b= x"ax for some xe G, hence, a = (x™ 1) 1p(x" 1),

~ andsincey = x"'eGanda =y~ by, b ~ afollows.
3. Suppose that a ~ b and b ~ ¢ where a,b,c€G. Then b = x™a,
¢ =™ by for some x, y € G. Substituting for b in the expression for ¢

we obtain ¢ = y™'(x™'ax) y = (1) 'a(wy); sincc e G, a~ ¢ is a

ronLAAmensca

Co1

14

Examine that G is abelian, if o(G) = p?, where p is a
prime number.

Our aim is to show that Z(G) = G. At any rate, we already know that Z(G)
#(e) is a subgroup of G so that o(Z(G)) = p or p? - 1fo(Z(G)) = p?, then Z(G) =
G and we are done. Suppose that o(Z(G)) = p; leta € G, aZ Z(G). Thus
N(a) is a subgroup of G, Z(G) ¢ N(a),2a E N(a),so that o(N(a)) > p, yet by
Lagrange's theorem o(N(a)) / o(G) :p2 *The only way out is for o(N(a)) =
p 2 implying that a € Z(G), a contradiction. Thus o(Z(G)) =p is not an actual
possibility.

COROLLARY Ifo(G) = p* where p is a prime number, then G is abelian.

Proof. Our aim is to show that Z(G) = G. At any rate, we already
know that Z(G) # (e) is a subgroup of G so that o(Z(G)) = porp® If
o(Z(G)) = p?, then Z(G) = G and we are done. Suppose that o(Z(G)) = p;
let aeG, a¢ Z(G). Thus N(a) is a subgroup of G, Z(G) — N{a)
a€ N(a),so that o(N(a)) > p, yet by Lagrange’s theorem o( N (a)) |¢(G) = P
The only way out is for o(N(a)) = p*, implying that a € Z(G), a con
tradiction. Thus ¢(Z(G)) = p is not an actual possibility.

K4

CO2
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Identify that G = A x B, the external direct product of A and B
is a group.

Let A and B be any two groups and consider the Cartesian product]

K4

CO3




G =A4x Bof Aand B. G consists of all ordered pairs (a, b), where
a € A and b€ B That is, let us define, for (a ;, b; ) and (a 2, bz )
in G, their product via (a1, by)(a>, b2 ) = (aia >, b; b, ).Here, the
product a; a; in the first component is the product of the elements
a; and a; as calculated in the group 4. The product b; b;1in the
second component is that of b; and b; as elements in the group B.
With this definition we at least have a product defined in G. We
do so now. First we do the associative law. Let (a; b; ), (a 2, b2 ),
and (a 3, b3 ) be three elements of G. Then ((a ;, b, )(az, b)) (a 3
bs)=(araz, bib2) (a3, bs)=((aia:)as, (bib )b ;) while (a
bi)((az, b2)(as,b3))= (a1, bi(aas, b2bs)=(ar@ 2as),bi(b:
bs )). The associativity of the product in 4 and in B then show us
that our product in G is indeed associative. Now to the unit
element. What would be more natural than to try (e,f), where e is
the unit element of 4 and f'that of B, as the proposed unit element
for G. We have (a, b) (ef) = (ae, bf) = (a, b) and (e,f)(a, b) =
(ea,fb) = (a, b). Thus (e,f) acts as a unit element in G. Finally, we
need the inverse in G for any element of G. Here, too, why not try
the obvious? Let (a, b) € G, try (a-\ b- 1 ) as its inverse. Now (a,
b)(a!, b )=(aa’, bb'')=(ef)and (@', b )(a, b) =

(a'a, b' b) = (ej), so that (@', b’ ) does serve as the inverse for
(a, b).With this we have verified that G = A4 x B is a group. We
call it the external direct product of A and B .Since G = A x B has
been built

16

Specify that Z (G) # (e), if o(G) =p ", where p is a prime
number.

K4

CO4
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Prove that T = 0 when Te A(V) such that (vT, v) =0

;EMMA 6.101 If TeA(V) is suck that (vT,v) =0 for all ve V, then
= 0.

Proof. Since (vT,2) = Oforove V, givenu, we Vil + )T, u + w) =
0. Expanding this out and making use of (uT,u) = (wT,w) =0, we
obtain

(@T,w) + (wT,u) = 0forall u, we V. (1)

Since equation (1) holds for arbitrary w in V, it still must hold if we
feplace in it w by iw where i = —1; but (YT, @w) = —i(uT, w) whereas
F(tw) T, u) = i(wT, u). Substituting these values in (1) and canceling out i
€ads us to

=T, w) + (w7, u) = 0. @

A‘dding (1) and (2) we get (wT,u) =0 for all u, we V, whence, in
tarticular, (w7, wT) = 0. By the defining properties of an inner-nroduct

COs

18

If Te A(V) then prove that tr (T) is the sum of the
characteristic roots of T.

K4

COs




D€ U, the result is indeed true.

19

Prove that N(a) is a subgroup of G

Proof. In this result the order of G, whether it be finite or infinite, is of
no relevance, and so we put no restrictions on the order of G.

Suppose that x,y€ N(a). Thus xa = ar and yo = @ Therefore
(19)a = x(ya) = x(@) = (xa)y = (ax)y = alxy), In consequence of which
1€ N(a). From ax = xa it follows that x™a =" {ax)x ™! =2 (ma)x™! =
ax"!, 50 that x™" is also in N(g). But then N(a) has been demonstrated

to he 2 suberoun of G.

CO1

SECTION - C (4 X 10 = 40 Marks)
Answer ASny Four Questions

20

State and prove Sylow’s first theorem.
If p is a prime number and p* | o(G), then G has a subgroup of
order p*
Before entering the first proof of the theorem we digress slightly
to a brief number-theoretic and combinatorial discussion.
The number of ways of picking a subset of k elements from a set
of n
elements can easily be shown to be .nCk The question is, What
power of p divides Looking at this number, written out as we
have written it out, one can see that except for the terrn

m in the numerator, the power of p dividing (p“m - 1) is the same
as that dividing so all powers of p cancel out except the power
which divides m. Thus Let .4 be the set of all subsets of G which have
p” elements. Thus . / has (p) elements. Given M, , M >e. 7 isa
subset of G having p” elements, and likewise so is M2 ) define
M., M if there exists an element g E G such that M, = M2g. It
is mediate to verify that this defines an equivalence relation on
.A. We claim that there is at least one equivalence class of
elements in . /. such that the number of elements in this class is
not a multiple of p"" !, for if p"" ! is divisor of the size of each
equivalence class, then p”* ! would be a divisor of the number of
elements in . /. Since . /has (p*™ ) elements and this cannot be
the case. Let {M., ..., M.} be such an equivalence class in .4
where p"" ! n. By our very definition of equivalencein. 7, if g €
G, foreachi=1, ..., n, Mig= M, forsome j, Welet H={ge G/
M;g=M, }. Clearly H is a subgroup of G, for if,q, b € H, then
M]Cl =M 1, M]b = M1 WhenceM1ab = (M1a)b =M1b =M1 * We
shall be vitally concerned with o(H). We claim that no(H)
=0(G); . Now no(H) = o(G) = p*m; since p"" 't n and p**" / p°m =
no(H), it must follow that . p*/ o(H), and so o(H) >p“*.. However,
if m; , then for all he H, m;h E M, * Thus M, has at least o(H)
distinct elements. However, M | was a subset of G containing. p*
elements. Thus p* >o(H). Combined with o(H) > p*. We have
that o(H) = p”But then we have exhibited a subgroup of G
having exactly p« elements, namely H. This proves the

theorem

10

Co1




THEOREM 2121 (Syrow) If p is a prime number and p* | o(G), then
G has a subgroup of order p*.

Before entering the first prool of the theorem we digress slightly to a
brief number-theoretic and combinatorial discussion.

The number of ways ol picking a subset of £ elements from a set of
elements can easily be shown to be

ny n!
(k) TR - B
Ifn = p"m where p is a prime number, and if §" | m but ﬁHl & m, consider
(ﬁ’m) - (rmr
2 #FHgm — )1
_pmpfm = V) (Fm = i) (fm = 4 1)
P -0 - - )

The question is, What power of p divides (P;:ﬂ)“ Looking at this number,

written out as we have written it out, one can see that except for the term
m in the numerator, the power of p dividing (f*m — {) is the same as that
dividing p* — i, so all powers of p cancel out except the power which

divides m. Thus
| #'m bu F+1 (‘;’J’m)
pi(r) (s

First Proof of the Theorem. Let . be the set of all subsets of ¢ which
‘have p* clements. Thus .# has (P;;H) elements. Given M;, M, e .#

oM is a subset of G having p* elements, and likewise so is M,) define
aM, ~ M, if there exists an element g e & such that M; = M,g. It is
“gmmediate to verify that this defines an equivalence relation on . We
ymﬂl that there is at least one equivalence class of elements in & such that
tht number of elements in this class is not a multiple of p**1, forif pr* ! is
g divisor of the size of each equivalence class, then # 7" would be a divisor

A 3
of the number of elements in .. Since .# has (p m) elements and
p!

pru*(P T), this cannot be the case. Let {M,, ..., M.} be such an
P

equivalence class in 4% where g™ 1 ¥ n. By our very definition of equivalence
in M, il geC for each i = l,...,n, Mg = M; for some j, ] <j<n
We let H= {geG|Myg= M} Clearly H is a subgroup of G, for il
@, b e H, then Mya = M,, Mb = M, whence Myab = (Ma)b = Mb =
_:Ml' We shall be vitally concerned with o(H). We claim that no{H) =
#(G); we leave the proof to the reader, but suggest the argument used in
‘the counting principle in Section 2.11. Now no(H) = o(G) = p*m; since
YUk n and p277 | pfm o= no(H), it must follow that p°|o(H), and so
o{H) = . However, if m; € M, then for all he H, mhe M;. Thus
M, has at least o(H) distinct elements. However, M, was a subset of G
containing p* elements. Thus p* = o(H). Combined with o(H) = p* we
have that o{H) = p* But then we have exhibited a subgroup of G having exactly
I elements, namely H. This proves the theorem; it actually has done more—
“it has constructed the required subgroup before our very eyes! i

21

a) Test the fundamental result of finite abelian groups.

That any finite abelian group G is the direct product of its Sylow subgroups.
[fwe knew that each such Sylow subgroup was a direct product of cyclic goups
'we could put the results together for these Sylow subgroups to

realize G as a direct product of cyclic groups. Thus it suffices to prove the
theorem for abelian groups of order pn where p is a prime. So suppose that
G is an abelian group of order pn. Our objective is to

find elements a 1, ..., ak in G such that every element x E G can be written in a
unique fashion as x = ai«

a2 112--- ak nx Note that if this were true and a;. -, ak were of order p" ... P"\
where ni ~n2~-..~nk, then the

maximal order of any element in G would be p” /(Prove!). The procedure

10

CO2




suggested by this is: let a1 be an element of maximal order in G. How shall
we pick a2 ? Well, if A 1= (a 1)the subgroup
generated by a1, then a2 maps into an element of highest order in G/4 1 If we

can successfully exploit this to find an appropriate a2, and if 4 2=(a 2), then
a3 would map into an element of maximal order in G/4 14 2,

and so on. Let a1 be an element in G of highest possible order, p" ;and let 4
1=(a 1. Pick b2in G such that 52, the image of b2in G = GJA 1, has
maximal order p” ;Since the order of 52 divides that of b2, and since the
order of a:is maximal, we must have that n;~n2-In order to get a direct
product of 4 1 with (b 2) we would need A1 7 (b 2)=(e), this might not be
true for the initial choice of b2, so we may have to adapt the element b2 -
Suppose that A 17 (b 2) =f-. (e), then, since b2r=EA 1and is the first
power of b2to fall in A1 (by our mechanism of choosing b2) we have that
b2 pry= A Thereore (a1ipte= (b2pn)P" 1.o=b/"1= e, whence a 1iPen= e.
Since aris of order P ;we must have that p” ;/ ipn 1 and so pn -/ i.
we have b2 p2= a1i=a/P"». This tells us that if a2=a 1-ib 2then azp">= e.
The element a2 is indeed the element we seek. Let 4 2= (a 2). We claim
that A 1n 4 2= (e). For, suppose that a2:e A1 ;since az=a 1-ib2, we get (a 1
-ib2 )tEA1 and so bateA1 - By choice ofb> this last relation forces pn:1 ¢, and
since a/">= ewe must have that a2= e. m short A 1n 4 2= (e). We
continue one more step in the program we have outlined. Let b3E G map
into an element of maximal order in G/(4 14 2). If the order of the image of
b3in G/(A 142) ispn\ we claim that n3~n2~ni. By the choice of n2, bI":E
A 1s0is certainly in 4 14 2-Thus n3~n 2-Since b3P3EA 14 2, bl"s= aiiiaz
i2-We claim that pn ;11 1and pn s1i2. For, b3 p2E A 1hence (a 1i:a2i2)P" :
5= (bl"s)P"2.s—— b3pE A 1. This tells us that a22pm-wE A 1and sopn >/

bl"/= e, this says that a 1iw"1sEA4 2n A1= (e), that is, a 1"t .»= e. This
yields that pn s/ i1 Letii1=JiP"i2=J2pn ;. thus bsps= a/iesales.
Let as= a 1-haz-hb3, A 3= (a 3;note that al"s=e. We claim that 4 3n (4
1A2)=(e). Forif astEA14 >then (a1-1a2-hb3 )t EA 14 2, giving us b3EA 1
A2 -But then pns/ t, whence, since a3 ps=e, we have a3 += e. In other
words, A3 N (A 1A 2)= (e).

22

If T € A(V) has all its characteristics roots lies in F,

10

K4

COo3




then there exists a basis of V in which matrix of T is
triangular.

Prove that the elements S and T in Ar(V) are similar in

23 Ar(V) if and only if they have the Same elementary 10 K4 CO4
divisors.
24 Examine the class equation. 10 K4 CO5

If G is a .finite group, then c. = o(G)fo(N(a)); in other words, the
number of elements conjugate to a in G is the index of the
normalizer of a in G.

exactly of all the elements x / ax as x ranges over G. ¢, measures
the number of distinct x”/ ax's. The two elements in the same
right coset of N(a) in G yield the same conjugate of @ whereas
two elements in different right cosets of N(a) in G give rise to
different conjugates of a. In this way we shall have a one-to-one
correspondence between conjugates of ¢ and right cosets of N(a).
Suppose that x,y € G are in the same right coset of N(a) in G.
Thus y = nx, where n E N(a), and so na = an. Therefore, since y™!
=mx)'=x""n'  yay=x"n'anx=x"n'nax=x"ax,
whence x and J result in the same conjugate of a. If, on the other
hand, x andy are in different right cosets of N (@) in G we claim
that x" ' ax ::/= y ! ay. Were this not the case, from x ' ax =y a)
we would deduce that yx ' a = ayx™’ ; this in turn would imply

right coset of N(a) in G, contradicting the fact that they are in
different cosets. sum runs over one element a in each conjugate
class.

, using the theorem the corollary becomes immediate. The
equation in this corollary is usually referred to as the class
equation of G. Before going on to the applications of these
results let us examine these concepts in some specific group.
There is no point in looking at abelian groups because there
two elements are conjugate if and only if they are equal (that
is, c,= 1 for every a). So we turn to our familiar friend, the,
group S; .Its elements are ¢, (1, 2), (1, 3), (2, 3), (1, 2, 3), (1,

THEOREM 2.11.1 If G is a finite group, then ¢, = o(G)[o(N(a)); in other
words, the number of elements conjugale to a in G is the index of the normalizer of
ainG.

Proof. To begin with, the conjugate class of a in G, C(a), consists exactly
of all the elements x™ 'ax as x ranges over G. ¢, measures the number of
distinct x~ 'ax’s. Our method of proof will be to show that two elements in
the same right coset of N(a) in G yield the same conjugate of a whereas
two elements in different right cosets of N(a) in G give rise to different
conjugates of a. In this way we shall have a one-to-one correspondence
between conjugates of a and right cosets of N(a).

Suppose that x, y € G are in the same right coset of N(a) in G. Thus

y = nx, where n € N(a), and so na = an. Therefore, since 3~! = (nx) "=
x"nTt g7 lay =x"'n"lanx = x"'n " 'nax = ¥ 'ax, whence x and J
result in the same conjugate of a.

If, on the other hand, x and y are in different right cosets of N(a) in 0
we claim that x™ 'ax # ™ 'ay. Were this not the case, from x™ 'ax = 3~ 'ay
we would deduce that yx~ 'z = apx™1; this in turn would imply that
yx~1 e N(a). However, this declares x and y to be in the samg right coset
of N(a) in G, contradicting the fact that they are in different cosets. The

nroof is now comnlete.

Proof. To begin with, the conjugate class of a in G, C(a), consists

that yx ' E N(a). However, this declares x and y to be in the same;




25

Explain the Cauchy's theorem for a group G.

FHEOREM 2.11.3 (Caucuy) If p is a prime number and p | o(G), then
G has an element of order p.

« Proof. We seek an element a # ¢ £ & satisfying a® = ¢. To prove its
existence we proceed by induction on e(G); that is, we assume the theorem
to be true for all groups T such that (7} < o({G). We need not worry
gut starting the induction for the result is vacuously true for groups of
[ er 1.

:=- If for any subgroup W of G, W # G, were it to happen that p | o),
& by our induction hypothesis there would exist an element of order # in
!’, and thus there would be such an element in . Thus we may assume that
p'is not a divisor of the order of any proper subgroup of G. In particular, if
a¢ Z(G), since N(a) = G, pfo(N(a)). Let us write down the class
€quation:

oG
; AE) = o Z(EN + o awian) -
Bince p | o(G), p X o{N{a)) we have that
o{G)
: Loy
and so
o{G) |
? wieTte (N ia)) ’

%‘N'-‘B we also have that p | o{G), we conclude that
. &)
(e - 3 = = o(Z(G)).
I ( wim2e o(N{a))

F(G) is thus a subgroup of G whose order is divisible by p. But, after all,
¥e have assumed that g is not a divisor of the order of any proper subgroup
_kc, so that Z(G) cannot be a proper subgroup of . We are forced to

accept the only possibility left us, namely, that Z{G') = . But then ¢
is abelian; now we invoke the result already established for abelian groupg
to complete the induction. This proves the theorem.

10
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