ANNA ADARSH COLLEGE FOR WOMEN
24PMSMT108 - TOPOLOGY

ANSWER KEY

Definition. A topology on a point set X is a collection T of subsets of X having

the following properties:
(1) @ and X arein 7.

(2) The union of the elements of any subcollection of 7 is in T; that is, if

{Us}aca C T then U,eal, € T.

(3) The intersection of the elements of any finite subcollection of 7 is in 7 is in

T that is, if Uy, Us, . .., U,€T then N’ ,U; €T.

Definition. Let X be aset. A basis for a topology on X is a collection B of subsets

of X (ealled basis elements) such that
(1) For each = € X, there is at least one basis element B € B such that x € B.

(2) If x € By N By where By, By € B then there is By € B such that * € B; and
By C By N Bs.

The topology T generated by B is defined as: A subset U C X is in T if for each
2 € U there 1s B € B such that # € B and B € U. (Therefore each basis element
isinT.)

Definition. Define the product mapping 75 : [[,c; Xo — X5 for 3 € J as the
function assigning to each element of [], . ; X, its Gth coordinate, 75((24)aes) = 5.

Let 85 denote the collection
S; = {?r;l(b",-a} | Us is open in Xz}

and let & denote the union of these collections, & = Usz;85. The topology gener-
ated by the subbasis & is the product topology and this topology on [, . ; X, is the

product space.
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Definition. If d is a metric on X then the collection of all s-balls B;(x,z) for

x € X and £ > 0 is a basis for a topology on X, called the metric topology induced

by d.

Definition. Let X be a topological space. A separation of X is a pair U, V of

disjoint nonempty open subsets of X whose union is X. Space X is connected if

there is no separation of X.

Definition. Given topological space X, define an equivalence relation on X by
setting x ~ y if there is a connected subspace of X containing both = and y. The

equivalence classes are called components (or “connected components™) of X.

Definition. A space X is limit point compact if every infinite subset of X has a

limit point.

Definition. A topological space X is locally compact at point x if there is some
compact subspace X of X that contains a neighborhood of z. If X is locally

compact at each of its points, set X is locally compact.

A space for which every open covering contains a countable subcovering is called
a Lindelof space.



10.

Definition. A topological space X is completely reqular if one-point sets are closed
in X and if for each xy € X and each closed A C X not containing xy, there is a

continuous f : X — [0, 1] such that f(z;) =1 and f(A) = {0}.

11.

Let X be a topological space. Let A C X. If there is a sequence of points of A
converging to x, then z € A. If X is metrizable and 2 € A then there is a sequence

{z,} € A such that {z,} — =

12.

Let X be a normal space. Let A be a closed subspace of X

(a) Any continuous function of A into the closed interval [a,b] C R may be ex-

tended to a continuous function on all of X into [a, b].

(b) Any continuous function of A into R may be extended to a continuous function

on all of X into R.

SECTION - B
13.

Proof. Let U x V be a basis element for the product topology on X x Y.
Then (U x V)N (A x B) is a basis element for the subspace topology on
Ax B. Now (Ux V)N(Ax B)=(UNA)x(VnB). Since UNA and
V M B are open relative to A and B, respectively, then (UM A) x (V N B)
is a basis element for the product topology on A x B. So the basis for the
subspace topology on A x B is a subset of the basis for the product
topology on A x B. Conversely, a basis element for the product topology
on A x B is of the form (UN A) x (V N B) where U and v are open in X
and Y, respectively, and from the equality above, this is a basis element
for the subspace topology on A x B. So the basis for the product topology
on A x B is a subset of the basis for the subspace topology on A x B. So
the bases are the same and, as claimed, the topologies are the same. ]



14.

Proof (continued). (1)=+(4) Let x £ X and let V be a neighborhood of
f(x). Then U = f (V) is open since f is continuous and x € U. That is,
f(U) < V, as claimed.

(4)=(1) Let V be an open set of Y. Let x € f (V). Then f(x) € V and
so by hypothesis (4) there is open U, in X with x € U, and f(U,) C V.

Then U, © f (V). Then with such open U, chosen for each x € f (V)
we have f~1(V) = U,cr-1(yyUc and hence f~1(V) is open. Therefore, by
the definition of continuous function, f is continuous and (1) follows. [

15.
Let f : X — Y be a continuum map, where X is a connected space and Y
is an ordered set in the order topology. If a and b are two points of X and
if ris a point of Y lying between f(a) and f(b), then there exists a point
x € X such that f(c) =r.
Proof. Suppose f, X, and Y are as hypothesized. The sets
A= f(X)N(—oc,r) and B = f(X) N (r,+oc) are disjoint (since (—oc, r)
and (r,+o0) are disjoint) and nonempty since f(a) is in one of these sets
and f(b) is in the other. Each is open in f(X) under the subspace
topology. ASSUME there is no point ¢ € X such that f(c) = r. Then
f(X) =AUB and A and B form a separation of f(X). But since X is
connected and f is continuous then f(X) is connected by Theorem 23.5, a
CONTRADICTION. So the assumption that there is no such c € X is
false and hence f(c) = r for some ¢ € X. O
16.

Proof. Let Y be a closed subspace of the compact set X. Let A be an
arbitrary open cover of Y by sets open in X. Let B=AU{A\ Y}. Then
B is a covering of X by open sets and since X is compact then some finite
subcollection of B covers X. This finite subcollection with X \ Y removed
(if X\ Y is in the subcollection) is then a finite subcollection of A which
covers Y. So by Lemma 26.1, Y is compact. O



17.

Proof. (a) Let X be Hausdorff. Let Y be a subspace of X with x,y € Y.
If U and V are disjoint neighborhoods of x and y (respectively) in X, then
UNY and VN Y are disjoint open neighborhoods of x and y
(respectively) in Y (under the subspace topology).

Let {X,} be a family of Hausdorff spaces. Let x = (x,) and y = (y..) be
distinct points in || X,. Because x # y, there is some (7 such that

Xg 7 y3. Since Xz is Hausdorff there are disjoint open sets U and V' in X3
with xg € U and y3 € V.

18.

Proof. Suppose that 7' is finer than 7. Let By(x,z) be a basis element
for the metric topology 7. By Lemma 13.3 (the (1)=-(2) part) there is a
basis element B’ C By(x,=). By Lemma 20.B, there is

Ba(x.0) C B" C By(x,¢) and the first claim holds,

Suppose the 4 /= condition holds. Given a basis element B for the metric
topology for 7 containing x, by Lemma 20.B there is a basis element
B4(x,e) € B. By the hypothesized /= condition there is

B’ = By/(x,0) C By(x,g) C B. By Lemma 13.3 (the (2)=-(1) part), 7" is
finer than 7. O

19.

Proof. Let X be metrizable with metric d. Let A and B be disjoint closed
sets in X. For each a € A, choose £, > 0 so that B(a,=,) does not
intersect B (since B is closed, it contains its limit points by Corollary 17.7,
so a is not a limit point of B and such B(a.z,) exists). Similarly, for each
b € B choose =5 > 0 so that B(b,zs) does not intersect A. Define

U=U,caB(a.25/2) and V = UpcgB(b.2p/2).

Then U and V are opensetsand AC U, BC V. ASSUMEze UNn V.
Then z € B(a,=,/2) and z € B(d,=p/2) for some a€ Aand b e B. By
the Triangle Inequality,

d(a,b) < d(a,z) + d(z,b) < es/2+ep/2.
If £, < &5 then d(a.b) < £ and then a € B(b.zp), a CONTRADICTION.



20.

Proof (continued) . Similarly, if 5, < £, then d(a.b) < £, and

b € B(a,z,), a contradiction. So the assumption that such z € Un V
exists is false and U and V are disjoint open sets with A U and B C V.
Therefore, X is normal. O

SECTION C

Proof. Since the compliments of @ and X are X and &, respectively, then
by definition of closed, both & and X are closed (since X and & are open)
and (1) fallows.

Given a collection of closed sets { A, |, we have be DeMorgan’s law
(see Munkres' page 11), X\ Mue A, = Uae (X Y Ag). Since the sets
X\ A, are open by definition, the right side of this equation 15 a union of
open sets and so is open. Therefare the left hand side is open an so, by
definition, its compliment M, A, is closed, as claimed in (2],

Proof (continued). If 4; is closed for / = 1,2, ... n, then again by
DeMorgan's Law, X\ UL A = ML (X Y Aj). The set on the right side is
a finite intersection of open sets and is therefare open. So the left hand
side is open and its compliment, U7 A, is closed, as claimed in (3). [

21.

Proof. (a) Let f{x) = w for every x & X. Let V' be open in ¥. Then
FHV) =X if yp € V and F'i['l.-"'jl =@ if yp & V. In either case, F'i['l.-"'jl
is open and so F is continuous, [b) IT L' is apen in X then

S ) = U A which is open in A (by definition of the subspace
topology). (<) If U is open in Z then g '(U)) is open in ¥ since g is
centinuous and F1{ g~ Y1) is open in X since F is continucus, Mow
(gof) MU =FTeog {U)=FTg (U))andsogofis

continuous. O



Proof. (d) The function f 4 equals the compasition of the inclusion map
J A — Y [which is continuous by part (b)) and f : X — ¥ (which is
continuous by hypothesis). So by part (c), Fla is continuous.

{e) Let £ : X — Y be continuous and f(X) < & C Y. Let B be open in
£, Then [by definition) 8 = £ M U for some open U in Y. Then

g (B) = g HZnU) =g Z)ng (V)

= Xng YUsince F(X)=g(X)c 2

= g 4

= £ YU)since f(x) € ¥ for some x © X implies g(x) = f(x) €
Since f is continueus, £~ 1{1) is open in X and so g~ 1{U) is open in X.
Therefore, g is continuous.
Mow let h: X — Z = Y be as described. Then h is the composition of
f: X « ¥ (which is continuous by hyvpothesis) and the inclusion map
J ¥ — Z [which is continuous by part (b)), So, by part (c), his

continuous.

Proof. (f) Suppose X = U, U, for open U, in X where f|;; is
continuous for each o £ J. Let V be an open set in Y. Since

FY(V) 1 U, consists of x & X M U, = U, such that F{x) c V and
(e 17 H V) consists of x € L, such that f(x) € L), then

VYN UL = (Flg, )Y V) for all /= ). Since £y, is continuous by
hypothesis, then this set is open in U, and since U, is open then [by
Lemma 16.2) this set is open in X, Since X = U, U, then

VY = £ HVIN X = F LUV 0 (Uneslla) = Unesl F YWY A UL

is open in X since each set in the union is open, Therefore (by definition )
Fis continuous. O

22.

Proof. Recall that a subspace ¥ of L is convex if for every pair of paints
a. b e ¥ with a < b, then entire interval [a,b] = [x £ L| 3 < x < b} lies
in Y.

Let ¥ be convex, ASSUME that ¥ has a separation and that Y is the
union of disjoint nonempty sets A and B, each of which is open in Y.
Choose 3 € A and b B. WLOG, say a = b. Since ¥ is convex then
[a.B] = ¥. Hence [a, b] is the union of the disjoint sets Ay = AN [a, b
and By = B [a, b], each of which is open in [a, &] in the subspace
topology on [a. b] (since A and B are open in ¥} which is the same as the
order topology (by Theorem 16.4). Since 2 © A and b € By, then

Ay # @ # By and so Ay and By form a separation of [a, b].



Proof (continued). Let ¢ = sup Ap. We now show in to cases that

¢ & Ap and ¢ ¢ By, which CONTRADICTS the fact that [a, b] = Ay U By
[since Ay C [a, b] then b is an upper bound for Ay and s0 2 << ¢ < b and
so ¢ € |a. b] = Ag L) By). From this contradiction, it follows that Y is
connected.

Case 1. Suppose c € By. Then ¢ # a (since 2 A and AN B = @). Se
gither ¢ = bor a < ¢ < b, In either case, since By is open in [a, &] then
there is some interval of the form {d,c] C By, If c = b we have a
contradiction since this implies that d s an upper bound of Ap, but d < ¢,
If ¢ < b we note that (¢, d] N Ag = @ since ¢ is an upper bound of Ay,
Then (with & as above where (d, c] C By) we have that

(d,b] = (d, ] (c. b] does not intersect Ag. Again, d is a smaller upper
baund of A; than ¢, a CONTRADICTION, We conclude that ¢ & By,

Proof (continued).

Case 2. Suppose ¢ = Ag. Then ¢ # bsince b < B. 5o sither ¢ = a of

a2 < ¢ < b. Because Ay is open in |a, b|, there must be some interval of
the farm [c, ¢) eontained in Ay. By property (2) of the linear continuum L,
there is z € L such that ¢ < z < 2. Then z £ Ay, CONTRADICTING the
fact that ¢ 1= an upper bound of 4;. We conclude that ¢ & Ay.

We have shown that if Y is a convex subset of L then ¥ is connected.
Motice that intervals and rays are convex sets and 50 are connected. O

23.

Proof. We follow Munkres’ 4-step proof

Step 1 Let & < b and let A be a covering of 4, b be sets open in |a. B] in
the subspace topology (which 5 the same as the order topology, by
Theorem 16.4). Let x ¢ |.'.|-.El]. x # b. If x has an immediate successor in
X let v be this immediate successor. Then [x, ¥] = {x ¥} and [x, ¥] can
b= coversd by at most two elements of 4. If x has no immediate successor
in X, choose an element A € A containing x. Because x &£ b and A i=
open, A contains an interval of the form [x. ¢) for some x £ [a, b] (since
this s an element of the basis for the order topology, see part (2) of the
definition of “order topelogy” ). Choose y & (x.c). Then the interval [a, y|
is covered by the single element A of 4. In either case, for each x € [a, b)
there is ¥ > x where y € [a, b] such that [x, ¥] can be covered by at most
two elements of A



Proof (continued).

Step 2. Let C= (v E[a b] | y > a and [a y] can be covered

by finitely many elements of A}, Since a2 €, € # @. Lat ¢ be the kast
upper bound of set C (this is where the least upper bound property is
used). Then, by Step 1, a < ¢ < b

Step 3. Sance .4 is a covening of |2, b, then some A £ A containg ¢. Since
A is open, it contains an interval of the form (d, c] for some o < [a, b] (see
part (3) of the definition of “arder topology” ). ASSUME ¢ & C. Then
there must be x © C wath z ¢ (4, ¢). otherwise d < ¢ would be an upper
bound on . Since z & C, the interval [2, 2] can be covered by finitely
many (say n) elements of A (by the definition of ). Now

|lz.¢] = (d.e] = Ae A hence [a.¢] = |8, 2] U |2, c] can be covered by
m+ 1 ddements of A But then ¢ £ C, a CONTRADICTION. 5o the
assumpbon that ¢ & C Is false, and in fact ¢ £ C.

Proof (continued).

Step 4. ASSUME ¢ < b where ¢ = lub({C), as defined in Step 2, By Step
1 with x = c_ there is y € [a, b] with ¥ > ¢ such that |c. y| can be covered
by finitely many elements of .4. From Step 3, ¢ € C and so [, c] can be
covered by finitely many elements of 4. Soyc C. But y > ¢,
CONTRADICTING the fact that ¢ is an upper bound of C. 50 the
assumpton that ¢ < b is false and 50 ¢ = b (notice ¢ < b by Step 2). By
Step 3. b= ¢ € C and so the interval [a, b] can be covered by finitely
many elements of A Since A is an arbitrary open covering of |a. b, then
[a, b] is compact. O

24.

Let X be a normal space. Let A and B be disjoint closed subsets of X,
Let [a, b] be a closed interval in the real line. Then there exists a
continuous map f : X — [a, b] such that f(x) = a for every x € A, and
f(x) = b for every x € B.

Proof. Without loss of generality, we take [a. b] = [0.1]. We use
normality to construct a nested family of open sets which is indexed by the
rational numbers in [0, 1]. Continuous f is then defined using the sets. We
follow Munkres’ four steps.

Step L. let P = [0,1] 1 {}. Since P is countable, there is mapping

N : 3 — M which is a bijection. Take N(1) =1 and N(2) = 0. We now
define indexed sets Uy, for p € P. First, define Uy = Uy = X'\ B.
Second, because A is a closed set contained in open set U/, by the
normality of X, Lemma 31.1(b) implies that there is open Upypz) = Uy

such that A < U and Uy © U4,



Proof (continued). In general, let P, = {N(1), N(2,..., N(n)} and
suppose for p. g € P, with p < g, we have already defined open U,. Ug
with U, C U,. We now inductively define Upy,,1). Let N(n+1) = r and
Ppiy = PpU{N(n+1)} = PU{r}. Now r # 0.1 and so r has an
immediate predecessor in P, 1, say p, and an immediate successor in
Pp+1, say q (this follows from Theorem 10.1). Since p. g € P, then we are
supposing that U, and U, are already defined with U,  U,. By the
normality of X, there is open U, C X such that U, C U, and U, C U, by
Lemma 31.1(b). In this way, we have Upy,) defined for all n € H; that is,
for all p € P we have defined open U,. We claim that p < g implies

U, C U, forall p,g € P. Let p,q € Ppyy with p < q. If p.g € P, then
U, © U, by the induction hypothesis. If one of p and g is r and the other
is s £ P,, then either s < p in which case U, Up C U ors>qgin
which case U, C U, C Us. Therefore, by induction, for any p,q € P we
have p < q implies U, < U,. The sets are as illustrated in Figure 33.1.

Step 2. In this step, we extend the definition to U, from p € [0,1] N Q to
all of Q by setting U, = @ if p < 0 and U, = X if p > 1. We still have
p < q implying U, C Uy for all p.q £ Q.




Step 3. We now define f. For x £ X define Q(x) ={pc Q| x € U}
where U, is as defined above. Since U, = @ for p < 0, for all x € X the
set (J(x) contains no rationals less than 0. Since U, = X for p > 1, then
all x € X are in U, for p > 1. So (J(x) is bounded below and so has a
greatest lower bound in [0, 1]. Define

fix)=infQ(x)=inf{peQ|xe U}

Step 4. If x € A then x € U, for every rational p = 0 (since A C U, for all
p = 0) and so f(x) =0 for all x € A, as desired. If x € B, then x & U, for
no rational p < 1 but x € U, = X for all rational p > 1. Hence f(a) =1
for all x € B, as desired.

Proof (continued). Now to show f is continuous. We first prove two
things:

(1) If x € U, then f(x) < r.

(2) If x € U, then f(x) = r.
To prove (1), note that if x € U, then x € U, for every s > r (by the
construction of the U, in Step 1). Therefore ((x) contains all rationals
greater than r and so f(x) = inf Q(x) < r for x € U,. To prove (2), not
that if x & U, then x & Us for any s < r (since Us C U, for s < r). So
2(x) contains no rational numbers less than r, so that
f(x) = infQ(x) = r for x & U,.
Now given xy € X and open interval (c.d) C R containing f(xp), choose
rational p and g such that ¢ < p < f(x) < g < d. Consider
U=Ug\ 5,,. We have f(xp) < q so by the contrapositive of condition (2)
we have that xy € U,. Since f(xp) > p. the contrapositive of (1) implies
that xo & Up. So xp € U= Uy \ U,.

Proof (continued). Let x € UJ. Then x € U, — U, so that f(x) < q by
condition (1). Since xy & U, then xg € U, and f(x) = p by condition (2).
Therefore, f(x) € [p.q] < (c,d). So f(U) C (c,d) and

U=U; Uy = Ugn (X Ugy)is an open set containing xp such that
FIU)  (e,d). So f is continuous at arbitrary point xg € X and f is the
desired function. ]



25.

Proof. We prove the result for two connected spaces X and ¥ and then
the general result follows by induction.

Choose (a,b) € X x Y. Then X x {b} and {x} = Y are connected (for
each x © X), as will be shown in the homework (Exercise 23.A). For each
x € X, define T, = (X »x {b})U({x} = Y). Then T, is connected by
Theorem 23.3 (since (x, b) is in each constituent space). Next, consider
Usex T = X % Y (see Figure 23.2 on page 151 for mativation). This
union is connected by Theorem 23.3 since the point (a, b) is common to
each T,. Thatis, X = Y is connected.

The proof for any finite product of connected spaces follows by induction
along with the fact (established in Exercise 23.B) that X; = X5 = --- x X,
is homeomorphic with (x = Xo = - =% X, 1) = X, 1



