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Cou333rse Title: Fluid Dynamics
Course Code:
Duration: 3 hours                                                             Maximum Marks: 75

Section – A (10  1 = 10 Marks)
Answer any TEN Questions

1. Define stream line.
[image: ]
2. Define path lines.
[image: ]
3. Write Euler’s equation of motion.
[image: ]
4. Write Laplace equation in cylindrical polar coordinates.

5. Write the Bernoulli’s equation.
[image: ]
6. Define simple source.
[image: ]
7. Define Strength of a source.
[image: ]
8. Write the Cauchy Riemann equation.
[image: ]

9. Write the Milne-Thomson’s Circle theorem.
[image: ]
10. Define line sink.
If fluid drains away through such a line and under the same conditions ot symmetry, then the line ts called a line sink.
11. Write the stress matrix.
[image: ]
12. Define rate of strain quadric.
[image: ]

Section – B (5  5 = 25 Marks)
Answer any FIVE Questions

13. Discuss about velocity of a fluid at point.
[image: ]
[image: ]
[image: ]
14.  For an incompressible fluid,  discuss the nature of the flow.
[image: ]
[image: ]
15. Explain the venturi tube.
[image: ]
[image: ]
[image: ]
16. Derive the Bernoulli’s equation.
[image: ]
[image: ]

17. Write a short note on images in a rigid infinite plane.
[image: ]
[image: ][image: ]


[image: ]
18. Find the equation of the streamlines due to uniform line sources of strength  through the points  and a uniform line sink of strength  through the origin.
[image: ]
[image: ]
19. Explain the co-efficient of viscosity and laminar flow.
[image: ]
[image: ]
[image: ]
[image: ]

Section – C (4  10 = 40 Marks)
Answer any FOUR Questions

20. At the point in an incompressible fluid having spherical polar coordinates , the velocity components are  where M is a constant.  Show that the velocity is of the potential kind.  Find the velocity potential and the equations of the streamlines.
[image: ]
[image: ]
21. Derive the equation of continuity.
[image: ]
[image: ]
[image: ]
[image: ]
[image: ]

22. Discuss the cases of steady motion under conservative body forces.
[image: ]
[image: ]
23. Doublets of strengths  are situated at points  whose Cartesian coordinates are , their axes being directed towards and away from the origin respectively.  Find the condition that there is no transport of fluid over the surface of the sphere 
[image: ]
[image: ]
24. A two dimensional doublet of strength  is at the point  in a stream velocity  in a semi-infinite liquid of constant density occupying the half plane and having  as a rigid boundary ( is the unit vector in the positive x-axis). Show that the complex potential of the motion is .   Show also that, for  , there are no stagnation points on this boundary and the pressure on it is minimum at the origin and the maximum at the points .
[image: ]
[image: ]
[image: ]
[image: ]
[image: ]
25. Derive Navier-Stokes equations of motion of a viscous fluid.
[image: ]
[image: ]


[image: ]
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Suppose at a point O in a fluid the flow is such that it is directed radially
outwards from O in all directions and in a symmetrical manner. Then
fuid enters the system through O which is termed a sinple source. If at O
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fluid enters the system through O which is termed a simple source. If at O
the volume entering per unit time is 47z, where m is a constant, then the
strength of the source is defined to be m.
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Let f(z) be the complex velocity potential for a flow having no rigid boundar-
tes amd such that there are no singularities of flow within the circle |3| =a.
Then, on introducing the solid circular cylinder | 3| =a into the flow, the new
complea: welocity potential is given by wef (z) + (a¥/2) for |z| > .
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At time ¢ a fluid particle is at P where OP=r and at time (2 +4¢) the
same particle has reached P’ where OF =r+Jr. Then in the interval 5t
the movement of the particle is P =2r and so the particle velocity q

at Pis o de
a-tin ()&

assuming such a limit to exist uniquely. This assumption is reasonable if
we postulate that the fluid is continuous, Clearly q is in general dependent
on both r and ¢ so that we may write
q=9q(x, 2).
Alternatively, if P has Cartesian coordinates (x, y, 2) relative to a fixed
tri-rectangular coordinate frame through O, then we may write
q=q(% 3 % 1)-

Let us further suppose that [, v, @] are the Cartesian components of q in
this frame. Then
g=ui+tj+uk.
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Moreover, since r=axi+3j +2k,

gy s
Txal g

sothat u=dx{dt, v=dyldt, w=dz/dl.

k,
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We find 7 + q=0, so that such a flow is possible,

Further,
e 2@
Vqul o~ 7y oz |=2uk.
f-wy wr 0
Thus the flow is not of the potential kind. It can easily be shows that a
rigid body rotating about the z-axis with constant vector angular velocity
wk gives the same type of motion. (For the velocity at (x, , 2) in the body

s — oy + o)
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The equations of the streamlines are
d dy dx
—oy ox 0
i.c. the streamlines are the circles
%2 +y2=const.,
=z =const.
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The Venturi tube is a device for measuring flow in a pipe. The pipe is
steadily constricted from a section S; to a much smaller section Sz, a
U-tube serving as a mercury manometer being inserted between the broad
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and narrow sections at A and B (Fig. 3.6). Let g1, g2 be the fluid velocities
st 4, B and py, pa the pressures. The sectional arcas being S, 52 at these
locations, the equation of continuity, taking the fluid to be incompressible,
is
@181=2s. &
 Applying Bernoulli's equation along the central streamline from 4 to B
gives

iy @

p being the density of the fluid. Eliminating gs frora (1), (2), we find

@

The equation (3) clearly shows that py>>ps, i.e. that the fluid pressure is a
minimurn at a constriction. This result is rather surprising intuitively.
Certainly g2>q1. The result must mean that when a one-dimensional
flow is constricted, the pressure energy of the fluid is mostly converted
into kinetic energy.

If k is the difference of meniscus levels in the mercury manometer and
 the density of mercury, then

Pi-pu=ogh @

50 that (3) and (4) enable g; to be found. The mass of Tiquid flowing
through the unconstricted part of the pipe per unit time s then pgiSt.
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Let us suppose that the body forces are conservative and that the flow is
of the potential kind. Then there exist scalar functions €2, ¢ such that

F--r@ q
Then 7 Aq=0and equation (3) of Section 3.4 becomes

~Fg.

o9 ot
-v(a)w@qﬂ), re--vp.




image20.png
Let r be the position vector of the fluid particle at time 7 and let dr be an
instantaneous displacement made in the position of the particle at this
instant 2. Then scalar multiplying the last equation through by dr and
using dr - PR2=dQ, ctc., we obtain

-d(%¢) + o= -aa-1ap

subject to ¢ being constant. Rearranging and integrating gives

s ras [2-%ry, &

where f(2) is an arbitrary function of ¢ arising from the integration in which
t is being kept constant. (1) is Bernoulli’s equation in its most general form,

Other forms of Bernoulli's equation, often of considerable use in the
solution of problems, may be derived from (1). Thus for steady motion
Bg/at=0and f(t) is constant, so that

1+ 2+ f%s const. (2)
If, further, the fluid is homogeneous and incompressible so that p is

constant, (2) becomes
g2+ Q+(pip)=const. 3)
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Suppose a surface S can be drawn in 2 moving fiuid in such a way that
there is no transport of fluid across . Let § divide the fuid into two
regions labelled 1, 2. Then any system of sources, sinks or doublets in 2 is
called an image system of the region 1 in . If we remove the fluid in 2 and
replace S by 2 rigid boundary of the same size and shape, then the flow in
1is unaltered in accordance with the conditions of the niqueness theorems
(Section 3.8). It follows, then, that if we know the image system for 1 in
5, we can solve the problem of flow in 1 against a rigid surface S.

Fro. 4563)

Figure 4.8() shows a simple source of strength m situated at a distance
afrom an infinite rigid plane Y'Y". We first show that the appropriate image
system for this is an equal source at A', the optic image of A in the plane.

T this end, consider Fig. 4.8(i) in which we have equal sources of
strength m at A(a, 0, 0) and at 4'(—a,0,0). Let P be any point on the
plane YY" in Fig. 4.8(i). Then the fluid velocity at P is

-

(e m
-(%)OT’-:, since APy + TFy=T0P>.

“This shows that at any point Po on YY", the fluid flows tangentially to the
plane YY", Thus there is no transport of fiuid across this plane. Thus in
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Figs. 4.8(i), (ii), at all corresponding points Po on the surfaces VY',
2pjén=0, for the region of flow x>0, By the uniqueness theorems, we
infer, then, that the image of m at A in YY" in Fig. 4.5 is m at 4, the
optic image of 4 in YV,
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Now consider a pair of sources —mat A, +» at B, close together and on
one side of the rigid plane YY" (Pig. 49(0)). The image system is ~m at
A, mat B, where 4', 1 are the respective optic images of the points 4, B
in the plane ¥ ¥ (Fig. +.9(i)). Tn the limit it follows, then, that the image
of a doublet in an infinite rigid plane is an equal doublet symmetrically
dispased with respect o the plave.
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Let P be the point such that OP = 2=x 4 iy. Then
ap;
and s0 the complex potential at P is

+¢, BP=z-¢
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(324522 = a2 —y2 +hwy),  (k=const)
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Figure 87 shows tiwo parallel planes 5=0, z=h a small distance k
apart, the space between containing a thin flm of viscous fluid. The plane
=0 s held fixed whilst the upper plane is given a constant velocity right-
wards of amount V. Then provided ' s not excessively Jarge, the layers
of liquid in contact with z=0 are at rest whilst those in contact with z=/
are moving with velocity Vj, i.e. there is no slip between fluid and cither
surface. A velocity gradient is set up in the fiuid between the planes, At
some point P(x,y,) in between the planes the fluid velocity will be v
where O<<v< I and o is independent of , y. Thus when z i8 fixed, © is
fixed, i.e. the fluid moves in layers paralle to the two planes. Such flow is
termed laminar. Due to the viscosity of the fluid there is friction between
these parallel lavers.
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Experimental work shows that the shearing stress on the moving plane
is proportional to ¥'/k when k is sufficiently small. Thus we write this stress
in the form 4V [k, where 4’ is 4 constant called the cogffcient of viscosity.
Now suppose 0. Then the stress on the fixed plane is

Pk l.ig (%’) g m

In the equations (4) of Scetion 8.7 we put 4=0, &w=0, v=1(s), then we
obtain

Pay=pdofds), paz=0, pyz=0. @
The equations (1), (2) above clearly show that
e ®

e, the constant « of Section 8.7 is the coefficient of viscosity.
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From (1) above we readily find the dimensions of y. Thus

[pn) _ (MLTH(L2
=y~ T ®

where M, L, T sigaify mass, length and time,
In aerodynamics,  rather more important quantity is the kinematic
cocfficient of viscosity v defined by
v=plp. ®

=178, ©

Thus

For most fluids z depends on the pressure and temperature. For gases,
according o the kinetic theory, i independent of the pressure but de-
creases with the temperature.
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Taking
ds—dr+7d08+rsin 6dyy
q=2Mr-3 cos 68 + Mr~3 sin 86,

we obtain
£ L rein 8§ |
tae L 3 2 e g
R ] or a8 aw -

2Mr3cos@ Mr2sin8 0

‘Thus the flow is of the potential kind.
Let p(r, 8, ) be the appropriate velocity potential. Then

o 3 29 8 g 2
Fn 2Mr-3 cos 8, g Mr—33sin 6, Preym 0.

d¢=2—;p:b+g—';d0+z—;dw

= — (2Mr-3 cos 6) dr —(Mr—2sin 6) d0+ 0 dy.

2MrScos§ Mrising 0

dy=0
2 cot 0dg=(1/5) dr.

rdf rsin §dy

or

Integrating, the equations of the streamlines are
' w=const,
sin? @,
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The equations y =const. show that the streamlines lie in planes which pass
through the axis of symmetry §=0.
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‘When a region of a fluid contains neither sources nor sinks, that is to say
when there are no inlets or outlets through which fluid can enter or leave
the region, the amount of fluid within the region is conserved in accordance
with the principle of conservation of matter. We now attempt to formulate
this principle mathematically by means of the so-called equation of
continuity.
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Let 48 be a closed surface drawn in the fluid and taken fixed in space.
Suppose i contains a volume 4o of the fluid and Iet = p(x, %, %, ) be the
fluid density (mass per unit volume) at any point (v, 3, %) of the fluid in
4o at any time £. Suppose n is the unit outward-drawn normal at any
surface element 35 of AS, where 8345 Then if g is the fuid velocity at
the element 65, the normal component of q measured cutwards from dv
isn-g Thus

Rate of effiux of fiuid mase per unit time across 55 pn - oS,
“Total rate of mass flow out of 4o acmus-f Fnads.

Total rate of mass flow into dv= .L’..,(,,q);s__f‘ 7 (o) do.

At time 1, the mass of fuid within the clement s | pdo.

af.po=, G

In the absence of sources snd sinks within 4o, matter is not created or
destroyed in this region so that

. 2
L&

[ e gafame

Local rate of mass increase within do=

T bd
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This last relation 1 true for all volumes 4v if
.y,
47 ) =0, e
Equation (1) is the general equation of continuity which must always hold
at any points of a fluid free from sources and sinks. Since
V- (p@)=pV -q+Fp-q,
other forms of (1) are:

3 . Ppu B
L7 -qta-vp=0, Som

@ pp-q-0, )

a

2 g 47+ q-0. (&)
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In the last two variants, dfdf denotes differentiation following the fluid
motion and the operational equivalence djdt =371 +q - 7 has been used.
In the special case of steady flow in which the pattern does not vary with
time at any location, 6p/2t=0 and (1) gives
7 (o) @
For an incompressible fluid the density of any particle is invariable with
time 50 that dp/dt=0. In such a fluid there could be a variation of  from
particle to particle as in the case of a non-homogeneous incompressible

fiuid. Fora homogeneous and incompressible fluid p is constant throughout
the entire fluid. In either case (1°) shows that the equation of continuity is

v.q=0. 6}

From now onwards, unless otherwise stated, the term ‘incompressible
fuid® will be taken to imply one which is not only incompressible but also
‘homogencous. If in addition to equation (3), the flow is of the potential
kind, then there exists a velocity potential g such that q= - Fg and (3)

becomes
Po=0, “

which is Laplace’s equation.
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Bernoulli’s equation was derived for potential lows under conservative
budy forces. We now study cases that arise when the fow is no longer of the
potential kind but is steady. The body forces are still assumed to be
conservative. We shall sec that in such conditions equations somewhat
akin to Bernoulli’s equation arise.

Euler’s equation of motion may be written in the form

1 & N
Foolp=g t7Ga) -anl

where {~curl q, the vorticity vector. If the forces are conservative, then
F= - P so that when the flow is steady,

V(}qi+n+fdf)=qﬂ-

Scalar multiplying this equation through by dr, a time-independent
variation in the position vector ¢ of the fluid particle, gives

afsrr o+ [B) s @, (1)
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Case I: A =0.
This is realized when
either
()9 and § are parallel, i.c. when the streamlines and vortex lines coincide.
For such motions, q is termed a Beltrami vector;
or
(i) when { =0, the condition for potential flow.
In both cases we bave

d(!q’+0+fdf) 0
at all times throughout the entire flow field. Then

o[£, @
throughout the entire feld of flow. The constant is the same throughout the
entise field since the differential dr in (1) is any arbitrary soall variation of
position vector £ i the field.

Case I q A { 0.

Now gA is perpendicular to the vectors g, {. Hence, if dr #0, then
dr - (qA{)=0 whenever dr lies in the plane of q, {. Thus if we take the
variation dr in the surface containing both the streamlines and vortex
lines, then (1) shows that

1(;q1+n+j’7')-0

over such a surface, or

"df
iqteor J' P const. )
over a surface containing the streamlines and vortex lines. We note that the
constant in (3) is the same everywhere on any one such surface, but that its
value varies from one such surface to another. Also (3) holds irsespective
of whether the motion is rotational or irrotational.
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Reterred to OdAsdy a8 inttial Gne, I has spherical polar coordinstes
(7,6, v) (Fig. 4.5). The axes of the doublets at Ay, 45 make angles 1, s
with 43P, 43P, Then the velocity potential at P is

Hacos oy cos &y

e
Now
AyPrert = 2rcycos O+l AgPr=rt-2reycos 0+,
_tl*rml srcosﬂ-ﬁ
cosmy =BT, connym L0

. @{r, 6)=palr cos 8 - ca) (% - Zreacos 0+ )32
+ (1 —7 cos 8) (72 - 2rey cos 8+ c§)I2,
We require that 8p/dr =0 when r=(csco) V2.
Now
2pjdr =z cos 9(r® - 2res cos 6+.c3)-32
=3(r cos 6= cx) (7 = cz cos ) (2 - 2rcy cos -+ )62}
+p1{ ~ cos 0(r%  2rey cos 8+ c})37 - 3(c1 ~7 cos B) (r - ¢y cos )
(r8 = 2rcy cos B+c1)32).
“Thus we find
siafcos Bercy ~2eafcxca) cos 04 cBj-92 - 3f(cren) B oos 6-ca}
{ercn = 2eerca) 2 cos 8+c3}-57]
=gu[cos 0fcica — 2ex(esce) 2 cos 0+ cF)32-+ 3{c — (crca)1 cos 0}

{(1e2)V2 08 8) fes - Zafese) 2 cos 04-3)-99).
Hence

Azl ={eafer)?.
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iChe presence of a2 in the inequality implies that a is real.

Y
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Figure 5.10() displays the physical model, Fig. 5.10(i) the image
system consisting of equal line doubless of strength i at A(0,), 4'(0, - a).
The velocity potential due to the uniform stream is Vv and 5o its complex
velocity potential is V= In Fig. 5.10(ii). f OP =2, then AP=z—ia,
TPz +ia. Thus the complex potentials due to the line doublets at 4, 4’
are respectively

nlz—da) L, p(sia)t,
and 5o the total velocity potential at 2 is

Pt p(z - ia)-L+ (s + i)

+ Zua(st+ a?)
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We have

deds —V + 2n(a? - a¥)a + 20)°2,
50 that when 7%,

dejde=V + 2u(a% ) (@2 +27)2.
This gives the speed of the fluid at any paint (x,0) on the boundary y
‘Equating this expression to zero gives the equation

V2 Va? - st + (Vab + 2uat)=0,
2 quadratic in x? whose discriminant is

A=4{(Vat - g - V(Vat + Zuat) = 4u(e - 4a37).
Clearly 4<0 when 0<u<t4a2V, showing that the quadratic equation has
o real roots. This means there are no stagnation points on the boundary
7=0.
Applying Bernoulli’s equation along the streamline y=0 at (5, 0) on the

boundary, we have, in the usual notation,

a2

2
—const.

%¢Q{V¢
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“Thus p is a maximum when ¥+ 2u(a® - #?) (¢® + )2 is a minimum and
conversely. Put
3= (1 4+ Zu(e - ) (a4 02
or
PV 2a - %) (@ )

13717y = — a3 - 4%) (a% 4+ 595,

Then
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T} 38 " =0 when x=0 or x=ay/3. The expression for Jy-12y’ shows.
that <0 when #=0+ and y">0 when x=0 — This shows that  is a
maximum and hence p a minimum at the origin. The same expression
shows that when ¥~ay/3 +, 3'>0 and when ¥-av/3~, 3'<0 8o that at
x=ay/3, is a minimum and so  is 2 maximum, At xx ~ay/3 +, >0
and when x= — ay/3 -, y'<0 shawing p is also a maximum at x= - aq/3+
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"~ In Section 8.3 we obtained the translational equation of motion in the
form

Opes , tue , s
X*’(K*WM %),
On substituting

Paz= = p+2Pu)ax)+ 14,

we obtain

Since 4=  §ufor a compressible fluid and since 4 =0 for an incompressible
Auid this equation may be written unambiguously for the two +ases in the
form

“Thus the equations of motion i the three directions may be written
.
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du 1 N
& sk,
&t i
dv Lo 24
GmYp g E,i I
dw 10 oo 1 2
I A =)

‘The tensor form of these equations s

g

@

A'%P,mwuﬁ!vd,g. )

Writing q =
is clearly

[X. ¥, 2] the vectorial form of equations (1)

a —Vfi—[’+ gL - g) @
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Now dajde=(2q/e) + (4 PA—(24/21) + F(ia) ~q A 2q),
A Q=P -9~ Fla,

So that (2) may also be written

’if%;r(r»q)an(rw. @

47ar-an@ g -F-7f

Any of the forms (1), (2), (3) are called the Navier-Stokes equations of
motion.
For incompressible flow, the forms (2), (3) give

dqjdt=F —(1/p)7p + /Fq
~F(pPp - ¥ A7 AQ) @

where, as before, da/dt may be developed in the form on the L15. of (3).
I'he equation (4) shows that for incompressible flow the equation of motion
differs from Euler's equation of motion in inviscid flow by the term
~7 A(7 7q). This term, due to viscosity, increases the complexity by
increasing the order of the differential cquation. Thus an additional
boundary condition is required. This is furnished by the condition that
there must be no skip between a viscous fluid and its boundsry. Tor this
reason, we cannot obtain the solution to the corresponding inviscid flow
problem by salving (4) and then letting 1- -
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Suppose that at any time Z we know the velocity q=(u, v, w]| at each
point P(x, y, ) of the fluid. Further, suppose that at each such point P at
any given instant ¢ we can draw a curve € in the fluid such that the
direction of the tangent at P to % coincides with the direction of q at P,
Then € is termed a streamline. It follows that the streamlines are the solu-
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‘When the motion is steady so that the pattern of flow does not vary with
time, the paths of the fluid particles coincide with the streamlines. In
unsteady motion, however, the flow pattern varies with time and the paths
of the particles do not coincide with the streamlines, though the stream-
line through any point P does touch the pathline through P. The pathlines
are the solutions of the differential equations
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