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Combining Eqs. (3) and (4), we get
Qy — ﬂu .
K‘_'(EG_F':)I,!:' (7)

80 to prove the theorem it suffices to show that, for a suitable choice of (¢,e"},
the scalars a and 3 depend only on E, F and G. We shall construct {e',e") by
applying the Gram-Schmidt process to the basis {o4,0,} of the tangent plane,
and will then show that they have the desired property.

So we first define

1 9y

T

where ¢ = E~'/2. Now we look for a vector e” = yo, + éa,, for some scalars
7.4, such that e” is a unit vector perpendicular to e’. These conditions give

E~Y3(yE +6F)=0, YE+296F+68G=1.

The first equation gives y = —§F/E, and substituting in the second equation

then gives
FZ F?
8| —-2— =],
(E 2E +G)
1/3 FE-1/1 :
6:——78 s 7= - = N T bl (8)
[EG F:)l;? (EG-—I*’)U?

(We could change the sign of §, and hence also that of v, but it would make no
difference in the end ) Thus,

e =¢o,, e" =0,+d0,, (9)

where v, 4 and ¢ depend only on E, F and G




%y Yy

—E-e e+ -;-C"]'(du.ﬂ")‘ + 0{(Ou.-0s)s — Cu-Ouy)

= %C'TEu + Ca(Fu = ';'Eﬂ) {SiBCE e.e = D)’ {10}

which does indeed depend only on E, F and G (because the same is true for
7,6 and €). And finally,

B=e,e"

= (ev0y + €O yy).(y0, + da,)

€ r I

-

o | 1
= Et‘TEt, 3 ECJG‘“ (11)

which also depends only on E, F and G.
This completes the proof of Gauss’s Theorem. O

By substituting the actual values of 7, § and € into these formulas for a and

B, and then using Eq. (7), we get an ezplicit formula for K in terms of E, F
and GG. Here i3 the result:




Let ua con::pute t.h; curvature of the helix using the formula in Proposition
2.1. Denoting d/df by a dot, we have

¥(8) = (—asinf, acosb, b},
14(8) || = Va? + 22,

This shows that 4(8) is never zero, so 4 is regular (unless @ = b = 0, in which
case the image of the helix is a single point). Hence, the formula in Proposition
2.1 applies, and we have

4 = (—acosf, —asinb, 0),
4 X 4 = (—absind, abcos b, —a?), -
_ || (—absin8 abcosh, —a?) | (a®h? +a*)}/?  |a|. - 3
i (—asinb,acosd,b) 2 — (a2 +82)¥2  a2+¥ 7
Thus, the curvature of the helix is.constant. : = =
Let us examine some limiting cases to see if this result agrees with what we
already know. First, suppose that b =0 (but @ # 0). Then, the helix is simply a
circle in the zy-plane of radius ||, so by the calculation following Definition 1.1

its curvature is 1/]a|. On the other hand, the formula (3) gives the curvature
as -

ol __lo| _ lal _ 1
a2+0%2 a? |af2 |a|
Next, suppose that a = 0 (but b # 0). Then, the image of the helix is just the

z-axis, a straight line, so the curvature is zero. And (3) gives zero when a =0
too.




