PROBABILITY THEORY

PART-A (10 x 1=10)

1. Conditional Probability P(4|B) = 257
2. Non-increasing sequence of limits A, D A,

3. Distribution function of random variable (X,Y).F(x,y) = P(X < x,Y <y)
4.  expected value E(X) = X prxx = | f()p(x)dx

5. E(X?) = 4x0.2+16x0.8=13.6

6.  Variance D?(X) = E(X?) — {(E(X)]"2}

7.  characteristic function ¢(t) = E(e't)

8.  probability generating function. {(t) = ¥, prs®

9. Polya distribution.

_ (n)p(P'f'“)"-[P-F(k—1)ﬁ]q(q+m)...[¢}'+(n—Ic—l)a:]
k 1(14+a)...[1+ (0 —1a] '

10. Normal distribution.

exp (— (@ — m) m)E),

f(z) =

20?2

gJﬂ

11. Stochastically convergent to zero.

[he sequence {X,} of random variables is called
srochasncaﬂy convergent® to zero if for every ¢ > 0 the relation

lim P(|X,| > &) =0

n—*ao

is satisfied.

12. Convergent sequence {F,(x)} of distribution function of random variables {X,,} .
The sequence {F,(z)} of distribution functions of the
random variables {X .} is called convergent, if there exists a distribution
function F(x) such that, at every continuity point of F(x), the relation
N lim F(z) = F(x)
is satisfied. The distribution function F(x) is called the /limit distribution
Sfunction.



PART -B (5 x5=25)
13. Proof :

P(A U B) = P(4) + P(B — AB),
P(B) = P(AB) + P(B — AB).

P(A U B) = P(A) + P(B) — P(AB).
14. Baye’s theorem Proof :
Using the multiplication rule of probability,
P(A;B) = P(A)P(Bl4;) ...(1)
By theorem of absolute probability, B = A{B + A,B + -+ A,,B

P(B) = P(A,B) + P(4,B) + -+ P(4,B) = Z P(4;B)

i=1
=) P(A)P(BIA) . (2)

According to the conditional probability formula,

pa|B) = \AB) 3
WlB) =" @)
Using equations (1) and (2) in equation (3), we get
P(A)P(BIA;)

PUAB) =S b anpBIA)

15. mean and variance of binomial distribution.
!

n n! —
o E(X) = r;ﬂrmpﬂ‘{! —-p)n

nopl I | Y .
= 21 i =P = 2 o - P

r=1

s (= D! K n—l—k n—1
= "?szﬂkg{ﬁ . —YN (I =p =nplp + (1 — p)I** = np.

E(x%) = > r? (f) Pl —p)y" = pn(g + pn),

r=I\)

The mean = np and variance = npq



16. coefficient of correlation satisfies double inequality —1< p <1.

E{[((X — myg) + u(Y — mg)PP}

= PE[(X — my)’] + 2tE[(X — my)(Y — mgy)]
+ wPE[(Y — my)?]

= 1%0,® + 2tupyy + wloyl.

Since the left-hand side always non-negative, we must have
un® — 0r%0* <0, Or  —00y <ty < 010y,
and hence
-1 < Hu < 1.
0102

17. probability generating function of binomial distribution.

Pr = (:) P —=pt (k=0,1,...,n).

1)

p(s) = (:) (ps(1 — py*~% = (ps + gq)".

k=0

18. Characteristic function of Gamma distribution.

+w b? + oo
(1) =f e'™f (z) da = f 2P~ le” 0T dy,
- I'(p) Jo |

b»  T(p) 1

—

“T(;) b—i® (1—it/by”

19. Borel — Cantelli lemma.

A=N U4,

r=1n=r

A<Ua, PAK P(

a
n=r L

UA,I) <3 P4,

“r

P(4) = 0
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n=r r=1

P(4) = 1
SECTION —C (4 X 10 =40)

20Z=XY Let X=X,Z=XY
Ox Ox 1 0
] = a(X,y) = Ox 0z =|1—-z 1 =l
d(x,z) |0y 0dy Z 5 X
ox 0z

1
x|

The joint density of (X,2) = f(x, V|J| = f( )

The Marginal density of (X,Z) is

w(2) =Jj:f(:;:, z — z)dux.
o= [ Ieifh o

Proof. Suppose that the random variable X is of the continuous type.
Let ¥ and v be two arbitrary real numbers. Consider the non-negative
expression '

The distribution function of Z is

21. Lapunov’s inequality:

+o
J [u 12| %702 4 o(|2| V22 (2) d
=j [ |a* ™Y + 2uw |af* + o* |2)** 1] f(2) d=

= Pr-gtt® + 2Buv + fragv”

Since the quadratic form on the right-hand side
sign, the inequality

does not change

B¢ < PraPrn



holds, Raising both sides to power k, we obtain
B < Bi-1Bisr-

PutK=1,2,.n—1
1

1 1
kK k+1
P = Byix

22.(a)

We first show that the random variables X and Y are dependent. The marginal
distributions in the domains || < 1 and |yl < 1 are, respectively, of the form

+1
[1®) :f ) 1 + 2y — yD]dy = My + 3282 — Jay¥l =4,

+1
£ = [0+ avat = e = 4+ 1oty — B =
—1
We then obtain fi(x)f5(y) = + # f(z, 1); hence the random variables X'and Y are
not independent.

(b)

+1 itzT] +1 it _ =it .
$1(2) =£f eit® dy = l[ﬁ} =€ @ v sin 7
2 )

23. Poisson distribution

PX=r=%e"
r!

qS(I) — el{e”—ll‘

my=2A my=Ai+1), p,=A4

24. Moments of Beta distribution



1
b= LD [Fprimay gyt g, L@+,

= B(p + k,
I(p)T(g) o Mg & oD

_Top+al(p+k) _ pp+D...(p+k—1) .
(p)l(p+g+k) (p+ap+g+1)...(p+g+k—1)

25. Lindeberg-Levy theorem.

Theorem If Xy, X, . . . are independent random variables with the
same distribution, whose standard deviation o # 0 exists, then the sequence

{F,(2)} of distribution functions of the random variables Z,, given by

P o e Xl s A i ]
o/n
. 1 L
Then, lTZan(z)=Ef—we 2 dz.

EX,—m=0 and D¥X, — m) = ¢

$.(2) = 1 — 16%1® + o(1?).

so=[1- L]

Let
IZ (12)
UH=——-ol|—|
2n n

log () =nlog(l + u) = n[— !—2 + O(E):l = — f + no(f).
2n 2

n n

We obtain

we obtain lim log ¢(t) = —r?2. Hence

H—* 0O

lim (1) = e 72,

n=o0



