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SECTION - A (10 X 2 =20 Marks)
Answer Any TEN Questions
1 State Bernoulli’s Formula.

Where:

If 4 and 0 are functions of x, then:

/udu = ub‘—u’!-‘, +J:4|”J'.a'1 - umb's +...
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2 Compute [x®e** dx

W = 3x? - o2
p— x = —

" _ 6x U—/e dx 5
"'"=ﬁ -f]x f‘h
= f —dx=—

m_o | / 25T
© Ix 2x

[ (i
”f—/ Fiiainiy
© Ix 2x

[ [id
U3—/ ?dI—E




2x 1x 2x L,lt
2% g — v —awE £ - £
I/xje dx = (x*)( 3 )= (3x") 1 )+ (6x)( g ) —(6X Ile]'+'-’3

2x
/xjezxdx= ET 4 —6x> +6x—3)+C

Compute [2sin®x dx

_ LI
" n n—2 n—4 2 2
, _8-1 8-3 8-5 8-7 =z
# 8 8-2 8-4 8-6 2
= 357
87 254

Define Odd and Even functions.

An even function satisfies f{—x) = f(x), showing symmetry about the y-axis; examples

include f(x) = x* and f(x) = |x].

An odd function satisfies f(—x) = — fix), showing symmetry about the origin; examples

include f(x) = x° and f(x) = tan(x).

Find ao for f(x) = k,0 <x <27

1x
The formula is ay = — flxhdx.
zJo

2x
Substituting f(x) =k, we get ay = 1 / kdx.
TJo

Integrating k yields k lenlr _k (2x—0).
T n

Simplifying the expression, a; = 2k.

Write the general form of 2" Order differential equation.

The general form of a second-order ordinary differential equation (ODE]) is

2
a0 T2 +500 2 +c)y= f0)

Alternatively, it is expressed as y" + A(x)y + Q(x)y = R(x).

If f{x) =0, the equation is called homogeneous; if f(x) £ 0, it is non-homogeneous.




Eliminate the arbitrary constants a, b from
z=(x+a)?+ (y+ b)? + c? to get a partial differential equation

z=(x+af +(y+ b’ +¢?

Rl - |

p= 9z =2x+al = (x+a)l=
dx

=11 ~1

az
g=73, =20+h = +h=

P
Z—¢ = E +E
Hz—ct)=p*+¢°

Define Laplace transform.
The Laplace transform is an integral operator that converts a function
of time, f(f), into a complex frequency domain function, Fis), defined

LLf(} = F(s) = /D e f(1) di

5=+ i
=0
Find L(sin2t).
L{sin(ar) }=ﬁ
) 2
L 2} =
[sin(21)} g
L{sin(2)} — —2

st +4
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Show that F = zT + xj + yk is a solenoidal

F=zi+xj+yk

=0 a a
?'F=E{Z}+5_y(ﬂ+5{y}

V-F=0+0+0

V-F=10

11

Define Curl of a vector.

curl F=Vx F

;j'--l E' |""—"'"
\:11.3- | e
o= L

n

dhx gz

VxF=| = -
x (ay oz

ax

dF, oF, (aF, an)_ (BF,, JF,
')1— = i+ -

dy

)k
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Define directional derivative of a vector.
Vip-n

_db. b

Vb aI]+EJ+E

a

|al

Answer Any FIVE Questions

SECTION - B (5 X 5 =25 Marks)

13

T
Evaluate f2sin” x cos* x dx

xi2
f sin’ xcos? xdx
0

m=1T.n=4

(m— 1)m—3Wm—3)-(n—1}n—3)

6-4-2)-(3-1)
11-9.7-5-3-1

144
10395

m+nm+n—2Mm+n—Nm+n—06)m+n—8)m+n—10)




Derive the formula for [Z sin™ x dx

=
I =f sin™ x dx
0

=2
I =/ sin™ ! x - sin x dx
0

u=sin""" x == du=(m— 1)sin™ 2 x cos x dx

dU =35inxdx —> U= —cC0sx

=2
Iy=1[- sin™! .arcm;xlg"'2 —/ {—cos x)(m — 1)sin™ 2 x cos x dx
0
=2
J'm=l]+(m—|j/‘ sin™ 2 x cos” xdx
0

=2
I, =(m— 1}/ sin™ 2 x(1 — sin” x) dx
o

14
=2 =2
Im={m—l}/ sin‘““zxd'x—{m—l}/ sin™ x dx
0 0
I, =(m—1DI,_,—(m—1I,
I +(m—11, =m-1I_,
ml ={m—1)}1,_,
m—1
Im=T I 3
coddy —m=1l m=3 2
Ifmisodd: 1, = - — 3 |
If m is even: I =m_—|m_—3 l-f
- m m-—2 "2 2
Find the Fourier Series for the function f(x) = x*in —-m<x<m
f(x}l=x2,—x{x{;r
fl—x) = (—x)* = x* — fix) is an even function
b, =0
2 [ 2 ., 2at
w=2 [[ax= 21552
15 aﬂ=2/ x* cos(nx) dx
T to

u = x2, dv = cos(nx)dx

2 sin{nx) _ _cns(mc} _sin(nx} .
_;[12( - ) —2x( 3 I+2 3 :'],:,

d,

1A
. - 2 04+ 2 cos(nr) _0) = 4(-1)
T n? n?




a [}
filx) = E“ + E a, cos(nx)

7 [5.2]

= % + Z 4(;2”" cos(nx)

n=I

cos(2x) + cos(3x) _

4 0 -]

2
o2 = % — 4fcos(x) —

16

Solve (D% + 16)y = e 3* + cos4x
(D7 +16)y = e~ + cos(4x)
Find the Complementary Function {C.F.) by solving the homogeneous equation:
(D’ +16)y=0

Auxiliary equation: m* + 16 = 0

CF. y, = e™(C, cos(dx) + C, sin{4x))

¥, = C, cos(4x) + C, sin(4x)

Find the Particular Integral (P.1.) for g

I 3
Ply—= — g3
' p2yie

Substitute D= -3:
I 3y (R P e

Pl = ———— ¥ =
‘T SGRele” 9+l6° 25

Find the Particular Integral (P.L) for cos(dx);

l
Fl., = ——— cos(dx)
D +le
Substitute D* = —(4%) = —16, which results in a zero denominator (case of failure).
1
Ply=x  T— cos(dx)
D (D2 +16)

Ply,=x D cos(dx)




Pl, = % —;}msidxj
[l} cos(dx) means | cos{dx)dx:
x  sin(dx)
P'_I_: - E ( 4 }
_x sinidx)
ul .1 - E

General Solution y =y, +P.L.; +P.L;:

¥ = C, cos(dx) + C; sin{dx) + 0_]5 3y xsw;(:lx}

Evaluate L(t3 — e2! + cos t — sin 2t)
L{f — e 4 cos(r) — sin(2¢)}

LI} — Lie ™} + L{cos(f)} — L{sin(2s))

! 3l 6
L{t"} = % = Lirf} =5 =4
1
y — =y
17 Lie"} j_ﬂ=-“-'f-if } P
A 3 5
Licos(ar)} = m = L{cos(r)} = T = Y
. a . 2 2
Lisin{ar)} = EpE = L{sin(21)} = i = Y
6 s 2
s s+2 #2241 244
If V@ = 2xyz37 + x223] + 3x2yz%k. Find 0(—1,2,2) = 4
Vip = 2xyz?i + 227 + 3x%y2k
e = 2y
18 §=XT£




Integrate the first equation with respect to x:

b(x, . 7) = / 2xyz’ dx = x’yz’ + C,(y. 2)

Differentiate this ¢ with respect to y and compare with c]'_

¥
‘ dC
iﬁ = x’2 + —I
dy dy
2=y 1
dy

aC
&_yl =0=C,(y.2) = G,(2)
So, p(x, y. 2) = xy2 + G(2)

Differentiate this ¢b with respect to 7 and compare with c]'_
il

g dCy
dz yE+ dz
dC
3xlyz? =3ty 4 —2
yz y©+ dz
dC,
dz‘ =0 = C,(2) = C(aconstant)

The potential function is ¢(x, y, Z) = 12_1..'23 +C

Use the initial condition ¢f(—1, 2, 2) = 4 to find C:
4=(-122¢F +cC
4=(2)E+C

4=16+C
C=4-16=—12

The final function b is:

P(x, y, z) = x*yz* — 12
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Show that V G) =-=
r=xi+yj+zk

r= Jrz-I-J.r3+E2
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SECTION - C (3X 10 = 30 Marks)
Answer Any THREE Questions

20

Vs
Derive the reduction formula for I,,,,, = fOZ sin™ x cos™ x dx

&2
Ipa = / sin™ x cos" xdx
0

w2
I = / sin™~! x(sin x cos” x)dx
0

Letu = sin™ ' x = du = (m — 1) sin™ 2 x cos xdx

n+1
. cos"' x
Let dv = cos” xsin xdx —> v = —
n+ 1
s om—1 n+l w2
sin” " xcos"" x m—1 . e
Iyn=1- 52+ — cos™ ! x(sin"2 x cos x)dx
n+1 n+1 Jy

m— 1 a2
Ipn =0+ / sin™ 2 x cos"? xdx
0

n+1
m—1 w2
I = / sin™ 2 x cos” x(1 — sin® x)dx
H—l—] 0
m—1 "2 a2
| —— / sin™ 2 x cos” xdx—/ sin™ x cos" xdx
’ n+ 1 0 0
m— 1 m— 1
mn — m—=2n Imn
: n+ 1 . n+ 1 N




m—l]:m—]

f’“‘"(l+n+1 nt+1 M
n+l+m-—1 m— 1
!M.J‘I( ﬂ.+l ): H+] ‘rm—Z.n
(m-i-n _m—1
T
m-—1
lm.n: m+nlm—2.n
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Find the Fourier Series for the function f(x) = x(27 — x) in (0,27).

f(x) = x@r — x) = 2xx — x% in (0, 2x)

2x 3 3 2
a,]:}r/(} [lxx—xz}dxz:—I[xxz—%]%fle(‘lIB—%): 4%

1 2
a, = — / (2xx — xz} cosi{nx)dx
0

I

u=2ix—x=u=2r-2x=u"=-2=4"=0

v = cos(nx) => v, = sin(nx) 0y = - cc-s:f;x] — o= sini:x)
a" = l [(2}(_]; —_ xz} Sin(nx) — (2.?1' - 2.‘-(:":_ cos{;x} } + (_2)(_ &;x})lgﬂ'
T n M n
a, = l [0+ Zr —2x cos(nx) + MJE‘rr
" oor n n3 0
1 —2x 2x 1 2 2nm 4
a, = ;: [(? C'EIS(EHR’}"’B}—(; COS(U)"‘C‘)J = —ﬂ_ l— E — ;J = — n—z
b, = L [2rx — x-Sy _ 0z 2= SNy | (o) Cos(_f X )25
T n n n
2
by = L 1= ZEE2X o) + ZEZ2E inun) — 2250 e
'y n " n

by= 2 10+0- 2)—=(0+0- 2)]=0
a n n

flx)= % + Z a, cos(nx)

n=I

_ 2at < cos(nx)
=5 42—




Solve (2D? + 3D + 5)y = e*cosx
For y,, the auxiliary equation is 2m’ +3m+5=0:

3203005 -3+/3I
"= 22) - 4
V31
V.= e_%x (Cl cos x + C;sin

For y,:

1

Tcosx=e"

s —_—
Y= 3pi+3D+5

1

XD+ 12430+ D +5

08 X

yp=e

x 1

g
C
22 42D+ 1D +3D+3+5

yp=e¢

Substitute D* = —1%2 = —1:

05 X

COSs x
202 +7D+ 10

22
y, = e~ L cosx =e* COs X
P 2(-1)+ 7D+ 10 TD+8
Rationalize the operator:
=" ’D-8 cc-s:r—exﬁcos;c
»» = (TD+8)(TD-8) 49D2 — 64
Substitute D? = —1:
x I1D-8 cos « 1(—sinx) — 8cosx
e x=e
¥p 49(—1) — 64 ~113
Yp= % (7sinx + 8cos x)
3 /31 /31 x
y=e 3" C,cos x + C,sin x |+ £ (Tsinx + 8cosx)
4 4 113
. -1 7s—-1
Find L [(s+1)(s+2)(s+3)
Use partial fraction decomposition:
23
Ts—1 __A B c
(s+D(s+20s+3) s+1  s+2 543




Ts—1=As+2DE+3N+BE+ D+ +Cls+ 1s+2)

Sets = —1:

=D -1=A-1+2)(-1+3)—= 8=AD2) = A=-4

Setg = -2

N-2)-1=B(-2+1)-2+3)= -15=B(-1)1) = B=15

Sets = -3

N-3)-1=C(-3+1)(-3+2)=-22=C(-2)-1)= -22=2C= C=-11

Substitute A, B, C back into the expression:

Ts—1 4 4 15 N —11
s+ DEs+2D+3) s+1 0 s+2  s+3

Apply the inverse Laplace transform, using the linearity property and 1.~ [ I ] =™
5§ —d

—4]+L_|[ 15 —I—L_I[_”

L_J
s+ 1 s+ 2 s+3
_ 1 _ 1 _ 1
:—4L'[ ] lSL'[ ]—llL'[ ]
s+ 1 * s+ 2 s+3

= 4" 4 15¢ ¥ — 117

_ Ts—1 _ _ _
L1 = —det+15e 117
[(s+l}(s+2)[s+3) T e €
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Determine the value of ‘a’ such that

a)(3x — 2y + 2)i + (4x + ay — 2)] + (x — y + 22)k is solenoidal

b) F = (axy — 22)i + (x% + 2yz)j + (¥ — axz)k is irrotational

a) A vector field V="F+ Qj+ Rk is solenoidal if its divergence is zero, i.e., V - V=0.
V=0x-2y+2)0+@x+ay—2j+(x—y+22k

P=3x-2y+¢z

J=4x+ay—=z

R=x—y+2z

. 9P a0 OR
v.p=28,% IR
ox 9y | oz




JP

— =3
dx
dQ
X _a
dy
dR
R _9
dz

V.¥=3+a+2=5+a

For the field to be solenoidal, 5 + a = 0

a=-5

b) A vector field F= Pi+ Q_f+ Rk is irrotational if its curl is zero, i.e., V F=0.

F= (axy — )i+ (2 + 2yz)j + (_]—'2 —ax2)k

F':r:.tx_}.f—;{2
Q=x>+2yz
Rzyz—uxz
|5k
P Q R
= .{dR dQ ~( dR ﬂP) -~ (0Q 4P
VXF=i|——-—|—-j| — - — — - —
‘(ay az) ’(ax Jz (ax dy
dR
R _9y
dy d
aQ
— =2
oz Y
a—R——uz
ox
a—P_—zz




Q_,

dx *
a—P—ux
dy -

V x F=i(2y —2y) — j(—az — (=22)) + k(2x — ax)
V x F=i(0) — j2z — az) + k(2x — ax)
VX F=(az —22)j+ (2x — ax)k

For the field to be irrotational, V x F=0.This requires the coefficients of j and k to be
7ero:

az—2z=0—= z(a-2)=0—=a-2=0=a=2
2Zx—ax=0—=x2-a)=0=2-a=0=a=2
Both conditions give the same value for a.

a=72




